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INTEGRAL PRODUCTS AND PROBABILITY. 
By P. J. DANIELL. 


1. Introduction.—In many problems arising in statistical biology and 
statistical economics time enters as an indispensable factor. It is the chief 
aim of this paper to provide a form of analysis suitable for such problems, 
and this will be a theory of probability using time as an auxiliary variable. 
The term ‘‘ Dynamic Probability ’’ may be used to avoid confusion with 
Gibbs’ Statistical Mechanics, which is a theory of interactions between 
fast-moving molecules or between vibratory systems, whereas our theory 
is that of time-variations in position of groups moving more or less erratic- 
ally. That is to say, the basis is change of position rather than of velocity, 
and the tendency to disperse is regarded as inherent, not as the effect of 
* collisions.” 

For the sake of simplicity we consider only motion in a single dimension. 
The variable x may be a measure of actual geometrical position, or it may 
measure some factor of the relative environment, for example, temperature, 
intensity of light, or it may refer to a quantity of goods. 

The first step in the analysis is a search for some standard fermula on 
which may be built a more complex and general theory. It is found that, 
if certain natural assumptions are made, a functional equation is satisfied, 
which is expressed in terms of a Stieltjes integral product. This form of 
product may be compared with Volterra’s integral composition, and on it a 
similar algebra may be built. It is shown that there exists an idem-factor 
function for this algebra whereas such a function does not exist for the 
Volterra composition.* The Stieltjes integral product itself forms a 
secondary nucleus for our paper; its investigation will be found in para- 
graph 3. 

2. Fundamental Equation.—Denote an increase (possibly negative) in x 
by y and an increase in time ¢ by uw. The motion in the interval w will 
depend partly on the previous history H of the member considered. Denote 
by 

P(yi, u1, Ho) 
~ *V. Volterra, “Lecons sur les fonctions de lignes.” Paris (1913). G. C. Evans, 
Cambridge Colloquium, New York (1916), p. 117. By introducing an auxiliary algebraic 
symbol j, Evans modifies the Volterra algebra so as to contain an idem-factor but this 
factor, 1 + 70, is independent of the variables. For a resumé of the Stieltjes integral and 
references the reader is referred to T. H. Hildebrandt, Bulletin of the American Mathematical 


Society (1917), 24, p. 117 and p. 177. 
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the probability that, in an interval w, the increase in x does not exceed 
yi (2.e., y = y:) for a certain history Ho up to time fp. Similarly we may 
denote by 
P(ye, U2, H,) 

the probability that, in a succeeding interval we, the increase in x does not 
exceed yo. Hy, will include both Hy and the motion during the interval w. 

This is the critical point at which the dynamics of material and living 
objects diverge. Theoretical mechanics is expressed in terms of velocities 
and accelerations which are instantaneous time-derivatives. In such a 
theory, however small we may choose the interval w;, the second probability 
P(y, u2, H,) depends essentially on the motion during w rather than on Hp. 
If only uw; is chosen sufficiently small the contrary is true of living objects. 
It is to be understood that we are not concerned with the ultimate 
hypotheses of materialism and vitalism; we regard each object as a whole 
and do not pretend to delve into the dynamics of its finest constituents 
which may or may not be of the material type. Our point will be made 
clear by an illustration. Consider a salmon ascending a stream and 
suddenly brought to rest by a glass plate, inserted in the stream for a brief 
instant. After the plate is removed the salmon will resume its motion 
almost as if there had been no interruption. It will be influenced more by 
previous history or habit than by the interruption, provided the latter is 
short. Compare this case with that of a cylinder rolling along a horizontal 
plane. Even after the very shortest interruption the cylinder will remain 
at rest. It is more influenced by the immediately preceding history. An 
example which is an apparent exception is even more illuminating. In a 
speculative stock market the movement of a particular stock depends 
partly on the preceding movement. But even here the effect is influenced 
by the events of some hours or minutes rather than by those of the last 
hundredth of a second, let us say. 

We shall assume that if the interval w is sufficiently small, the probability 
function P depends on Hy only, so that 


P(y, U2, H;) = P(y, U2, Hy). 


If we confine our attention to a homogeneous group of members having 
practically the same history Ho, up to the time to, then we may omit the 
symbol Ho and define P(y, u) as the probability that the increase in x 
does not exceed y in a short interval of time uw not far removed from a 
fixed point of time to. 

This is the fundamental assumption on which our analysis is based; 
and it is this which sharply distinguishes dynamic probability from the 
classical theories of mechanics, statistical or otherwise. After an investiga- 
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tion of P(y, u) in which wu is assumed to be small it is possible to build up a 
more general theory suitable for longer intervals, somewhat as organic 
chemistry is built on the atomic laws of simpler reactions. 

By its definition P(y, u) is a limited non-decreasing function of y ap- 
proaching 0 as y approaches — ©, and 1 as y approaches + ©. It is also 
‘‘ continuous on the right,” that is 

P(y, u) = lim Piy+e, u) 


e—0,e>0 
= Piy+ 0, u). 
Py — 0, u) = lim Ply — e, u) 
0 


e=0, e> 


On the other hand, 


is the probability that the increase in z is strictly less than y, and it is not 
necessarily equal to P(y, 2). 

The increase y in the interval 7; + w, is the sum of an increase z during w 
and an increase y — 2 during u2. Keeping y fixed the function P(y — 2, ue) 
is a limited non-increasing function of z continuous on the left with the 
values 1 at — ©,0at+ o, and is continuous in each of a countable set of 
intervals which are open below and closed above. 

Let cd be one of these intervals; then the probability that, in the time 
u,, the increase z in z satisfies c < z =d will be 


AP(z, uw) = P(d, um) — P(e, uw). 
Given that c < z = d, the probability that the increase in the time wu; + we 
does not exceed y will lie between 
Pry — d, uw), Ply — ¢, uu). 
Then the combined probability will lie between 
Py — d, u2)AP(z, uw), Ply — ¢, U2)AP(z, wy). 


The law of composite probability is applicable here because we assumed 
the motion during wz independent of that in w. 

Divide cd into smaller sub-intervals and proceed to the limit as their 
maximum length approaches 0. The combined probability that e << z=d 
and that during wu; + we the increase does not exceed y will be 


f Po — 2, U2)d,P(z, u). 


Add up the corresponding expressions for all the intervals cd, and then the 
fundamental equation is obtained, namely 


+00 
2(1) Py, uy + us) = { P(y — 2, ue)dzP(z, wu). 
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Without changes in the processes of reasoning we may regard ws as the 
earlier, wu; the later interval of time and so obtain 


+0 
2(2) Py, w+ ue) = { Piy — 2, u)d,P(2, ue). 


3. Streltjes Integral Products.—The function a(x) will be said to be a 
regular function of limited variation in x if it is of limited variation 
(— © to+ o~), ifa(— ©) = 0 and if, for all values of z, 


a(x) = zLa(a + 0) + a(x — 0)]. 


We shall require an important lemma. 

3(1). If a(s, ¢) is a regular function of limited variation in s, and measur- 
able in the sense of Borel in ¢, and if the variation be limited uniformly with 
respect to ¢, and if g(t) is of limited variation and f(s) is bounded and 
measurable,* then 


[food fa, nid = 7 ita i | doco. 


i] —O 


Let f(s) = 1, (€ = s = d) = 0 otherwise. 


[toa dallas t)dg(t) = [aud + 0, t)dg(t) — [ae — 0, t)dg(t) 


—@ i) “6D 


" f “| f “foddats i | ao. 


If f(s) is a step-function (constant over each of a finite set of sub-intervals) 
it is a linear combination of functions of the above type and therefore the 
equality will be satisfied. But any measurable function f(s) can be obtained 
from such step-functions by a finite succession of linear combinations and 
limiting processes using in all cases bounded sets of functions since f(s) 
is bounded. Because a(s, t) is of uniformly limited variation a number S 
exists such that the total variation of a(s, t) does not exceed S. If G is the 


+2 
variation of g(t) then the variation of ; a(s, t)dg(t) does not exceed SG. 
Also if |f(s)| = M, | 
+o 
| [ f(s)dsa(s, t)| = MS. 


Therefore in each of the required limiting processes the several integrands 
do not exceed summable functions in absolute value, and at each step the 
equality is preserved. ft 

*In this paper the attribute ‘measurable’ will be taken in the sense of Borel. 

+ P. J. Daniell, Annals of Mathematics, Vol. 19 (1918), p. 290. The theorem used here 
is used frequently in the present paper. 
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3(2). Let ai(x, y), ae(x, y) be regular functions of limited variation in 2, 
and measurable in y, and let their total variations be limited uniformly 
with respect to y; then we define their S — V composition (Stieltjes- 
Volterra integral product) as 

+ 00 
Q1'A2(2, y) = f ai(a, 3)d.a2(s, y). Def. 


io) 


Evidently this “ product ”’ satisfies the distributive laws 
(a1 + a2) -a3 = a1-a3 + A2°Q3, 
Q1° (A + a3) = aye + aA. 


In theorem 3(1) replace f(s) by ai(2, 8), a(s, t) by ae(s, t) and g(t) by as(t, y). 
The theorem becomes 


+0 + 00 
f a(x, s)ds | f a2(8, t)dyas(t, » | 
+0 +00 
= f | f ay (2, $)d,a2(s, t) | dias(t, Y)s 


which is, symbolically, the associative law 
Q1° (2-3) = (a1°a2) 3. 

Consider the function (2, y) = 0, 2 < y, 

=, r=y, 

=1, «> ~¥y. 


This satisfies the conditions imposed on aj, a, and 


+00 
an(e,y) =f alx, s)don(s, y) = ate, 9) 


) 


nate, y= [ n(e, s)dats, ») 


= a(x — 0, y) — a(— ~, y) + 4[a(x+ 0, y) — a(x — 0, y)] 
= a(x, y), 


since a@ is a regular function of limited variation in z. We see that 7 plays 
the part of an idem-factor in either order, 


ay — na = a, 


Now let 7’ be another idem-factor satisfying the conditions in 3(2) such that 
for every a, 7’/-a =a. Then by what has been proved 7’-7 = 7’ and by 
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hypothesis n’-y = 7 so that 7’ = yn. Similarly it can be shown that there 
is no other idem-fector 7’’ satisfying the conditions in 3(2) and such that 
a-n’’ = a for every a. 

Thus 7 is the only idem-factor in the class of functions a considered. 

If it happens that a,-a2 = a2:a; we may say that the functions are 
S-permutable to distinguish the property from that of being permutable 
according to Volterra. 

If a1, a2 are differentiable with respect to their first variables, for example 


ails) =f fils, ds, anls,) = f fals, ats 
then ‘ basi 
ararts,) =f fifo, dds, 


in the Volterra notation, and this shows the relation between the two types 
of combination. 

A development of this algebra particularly in connection with integral 
equations would be interesting but we shall now confine our attention to 
functions of the difference x — y, 


a(x, y) = a(x — y). 
Then 


+00 , +00 
Q1'A2 = f a(x — 8)d.a2(s — y) = f a(t — y — 2)d,02(2), 


oo —o 


so that a1-az is also a function of the difference x — y. 

3(3). To use symbols more in keeping with our special problem, if 
ai(y), @2(y) are regular functions of limited variation (— © to + ©), then 
we define their S — V product as 


Qa1:a2(y) = f ai(y — z)daz(z) Def. 


The corresponding idem-factor will be 

ny) =0, y< 90, 
= i, y = 0, 
=1, y>0. 


3(4). THEorEM. The product as defined in 3(3) is S-permutable. For 
since the functions are regular, by a theorem on integration by parts,* 





*P. J. Daniell, Transactions of the American Mathematical Society, Vol. 19 (1918), 
p. 362. 
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- 
ar-aaty) = [ anly ~ 2)daa() 


= Lai(y — z)oo(z) tS — f " leaele — 2). 


But ai(y — ©), a2(— ©) are each 0 while a2(+ ©), ai(y + ©) are finite. 
Again ify — z= 2, 


Away — 2) = arly — 2) — ai(y — 21), Z1 < 2a, 
= a1 (v2) — az(r), V1 > 12; 
= — A,a;(v). 
Combining these results, 


Q1+02(y) = f ato(y — v)doy(v) = a2-ai(y). 


This proves the theorem. 
In the fundamental equation 2(1) P(y, w) is not regular, but we can 
replace it by Bu(y) = 3LP(y + 0, uw) + Py — 0, u)]. 


Equation 2(1) can now be written 


Py, uy + ue) = f P(y — 2, ue)dBu,(2), 
or what is the same equation, 


Piy + 0, w+ ue) = [Pq + 0 — 2, u2)dB,,(z). 


Again 
+0 


P(y — 0, uw + w) = lim P(y — e — 2, U2) dBu,(2) 


e-0, e>0/-—aw 


= [ ! P(y — 0 — 2, ue)dBu,(2). 


o/— 2 


This substitution of the integral of the limit for the limit of the integral is 
legitimate because the integrands are bounded in their set. Adding and 
dividing by 2, we obtain 


+00 
3(5). Bur+us(y) > Busy re z)dBu,(2) = Bus Bur(y)- 


4. Characteristic Function. We now introduce Poincaré’s characteristic 
function* which is defined as 


+00 
[ erd8(@) = o(p, 8) Def. 


Before using this function it is necessary to prove some important theorems. 
* H. Poincaré, Calcul des Probabilités, Paris (1912), p. 206. 
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4(1). If B(y) is a regular function of limited variation, 


) L +0 
f we [sin k — sin (2k — yk) ]dB(z) 


wk J_. 





exists and is equal to 6(y). 
Consider the integral 




















ke dk +0 
, [sin k — sin (2k — yk)dB(z), ko > ky > 0. 
k 


ae 


The function [sin k — sin(zk — yk) ]/tk is measurable and bounded 
(ky =k Sh, — © <2z< + ©) so that the order of integration may be 
changed. If we introduce the classical symbol 


Si(z) = f sina 
e/0 v 


the integral can be expressed in the form 








+00 
[Si(k) — Si(ek — yk) FedB(2)/r. 

Since for real values of 2, Si(x) is bounded, the integrand is limited and 
measurable, and the limit of the integral as k; = 0, k2 = © will exist and 
will equal the integral of the limit. (We are using again the theorem 
referred to in 3(1).) But when k = 0, Si(k) = 0, Si(zk — yk) = 0, and 
when k = 0, Si(k) = 7/2, 


Si(zk — yk) = 7/2, > Ss 


* 0, z=Y; 
+—7/2, z<y, 
so that the limit of the integrand is the idem-factor function y(y — 2). : 


Therefore the double integral of the theorem exists and is equal to 


+ 00 
[ay - 2d8@) = 9-8) = 8G). 


i) 


Corollary.—If B(y) is a regular function of limited variation and if 
¢(p, 8) = 0 for all pure imaginary values of p = zk, then B(y) = 0 iden- 
tically. For then 


+ 00 
f sin (zk — yk)dB(z) = 0, k real, 


"dk . 
By) = aC) f — sin k = 36(2). : 


Then @(y) is constant and since B(— ©) = 0, B(y) = 0 throughout. 











i 
' 
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4(2). If 


+ 0 
[eds@, -H<h<+K, 


eo 


exists, where H, K are positive, then so also does 


2+ 0 
J z"ehdB(z), —-H<h<+K, n=1,2,--- 
For if — H < h < K we can find a number y > 0 such that —- H << h— 7 
<h-+x7< K. Given 7 and n we ean find z) > 1 such that 2" < e”, 
S = So. 

Then 2%e’*(z = 0) is measurable and less than the function zje“t”* 
which is summable 6 from — © to+ o. 

Similarly 2%e**(z =0) is measurable and its modulus is less than 
zre*—)? which is summable 6 from — © to + ©. Therefore z%e"* is 
summable 8 from — © to +o. 

4(3). If 

+0 
f e'#dB(z), —-H<h<kK, 


eo 


exists then 


[ erdBte) = 0, 8) 


is holomorphic in the strip — H < real part of p< K. This strip will be 
called the HK strip. 
If p= h+ ik lies in this strip, — H < h< K and since |cos kz, 


|sin kz| are not greater than 1, |e’?| = e”, it follows that 
+@ +00 
¢(p, B) = f e™ cos kz dB(z) +24 f e* sin kz dB(z) 
exists. , 


~ 


[o(p + Ap) — e(p)I/Ap = [ ze™y(eaprds() 


in which y(t) = (e¢ — 1)/t. F 
t 

Integrating along a radius [ e‘dt = et — 1, so that |e’ — 1] = |tle!#, 
and |y(t)| < el#l. 

Since — H < h < K wecan find a number 7 > Osuchthat — H<h—7 
<h+7< K and if |Ap| = 7, the real and imaginary parts of ze?*y(zAp) 
will not be greater in modular values than the function which has for 
each z the greater of the values of |z|e%*"*, which by 4(2) is known to be 
summable. 

Furthermore y(¢) is continuous at t = 0 and its limit there is 1. There- 
fore by the theorem used in proving 3(1) there exists a unique limit of 
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Ag/Ap as Ap approaches 0, that is to say, g(p) is holomorphic in the HK 


strip and 
d aes 
oe = [ ze?*dB(z). 


4(4). If g(h, Bi), e(h, Be) exist, — H<h< K and if 61-B2(y) = y(y) 
then 





g(p, 7) = g(p, Bi) e(p, Bo) 


provided p is in the HK strip and conversely. 


ep, =f ~ ert, J buly - 2d) 


+Y +0 
oe es f Gly — 2)dBe(a) 


Y=o0 /—Y 


a+ o0 +Y 
= lim f lf eP4d_ Bi(y — 2)| dB2(z) 
Y=n J-—w -—Y 


by theorem 3(1), and this 


+0 Y—2z 
= lim f | f endsi(o)| dB2(z). 
Y=a0 J—ow —Y+z 


The expression in square brackets is not greater in modular value than 
¢(h, w:) where h is the real part of p, w:(v) is the modular variation function 
corresponding to 8:(v). The existence of g(h, B:) implies that e”” is sum- 
mable with respect to 6;, and therefore with respect to the variation function 
w;. Therefore using again the theorem with respect to limits under the 
integral sign 


+o 
lp, 0 =f ee(p, Bi)dBa(2) 


seater 


= o(P, Bi) ¢e(p, B2). 
To prove the converse let 6(y) = 61-82(y), then by the theorem itself 
o(p, yY — 8) = o(p, Y) — ¢(p, 4) 
= ¢(p, Y) — ¢(p, Bi) e(p, B2) 


= 0 by hypothesis. 
Therefore by 4(1). Cor. y — 6 = 0 identically, and y(y) = 81: B2(y). 
4(5). If Bu(y) is a regular function of limited variation in y for u = 0, 
if B(y) is not identically 0 and if ¢(p, 8.) exists in the HK strip, then if ; 


¢(p, Bu) = e“”, where P is holomorphic in the HK strip, and where uw is 
rational and non-negative, 








/)) 
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Bus : Bu(y) = Burtus(y) 


and conversely. 
The direct theorem is a simple consequence of 4(4) since 


g(p, Burtu,) = ” ii = g(p, Bu e(D, Bu,)- 


To prove the converse let p = log. ¢(p, 81), i.e., where u = 1, then by 
4(4) since Bur* Bus(y) = Burtus(y); 


log o(p, Bu,) + log o(p, Bu.) = log o(p, Burtu:), 


from which, if w is rational and non-negative, we obtain 
log o(p, Bu) = wlog g(p, 61) = uP, 9p, By) = e*”. 

To complete the theorem it remains to be proved that P is holomorphic in 
the HK strip. Since ¢(p, 81) is holomorphic P will be holomorphic except 
where ¢(p, 61) = 0. Let us suppose that at po, (po, 81) = 0 then for all 
non-negative rational u, ¢(po, 8.) = 0. But if u = nv, ¢(p, Bu) = Le(p, Bo) J” 
when n is a positive integer, and consequently 6"9(b, Bu) |p=p, 7 <n, = 0, 
where 6 stands for d/dp. 

But n can be any positive integer and r any integer less than n so that 
not only ¢ but all its derivatives must vanish at po. By Taylor series 
and continuation it follows that ¢(p, 8.) = 0 identically over all the HK 
strip (boundaries excluded) and in particular that it vanishes identically 
along the imaginary axis. But by 4(1). Cor. this implies that 6,(y) = 0 
identically which is a case excluded by hypothesis. This completes the 
proof of the theorem. 

This theorem enables us to pass from the functional equation 


3(5) Bu, Bus = Buytus 


to the algebraic relation g(p, 8.) = e“” and back. The formal solution 
of 3(5) can now be written in the form 


4(6) Buly) = f “To sin k — e"™ sin {kI(k) — ky} ] 
0 


where R(k) + i(k) = P(tk) = log g(ik, B:), b = e? = o(0, B1) = Bi() 
bv = OM = ¢(0, Bu) = Bu( 0). 

5. Particular Solutions.—In our search for the more elementary solutions 
we shall carry through some processes in a purely formal manner without 
rigorous justification, but we can test the results obtained. If it is found 
that ¢(p, B.) = e“” where P is holomorphic in an HK strip then by 4(5) 
B.(y) will be a solution of the functional equation 3(5). 
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ts) 
In some cases, particularly if f e“*“dk is convergent, we may differ- 
0 


entiate both sides of 4(6) and obtain the simplified formula 


Bulv) = J faloddy 


where 
fuly) = “ [ e“®® cos [kI(k) — ky ]dk. 
eJ/0 


Let us suppose that f(y) satisfies some differential equation which may 
be written in the form 2, A,(D)(y"f) = 0, where D = d/dy, A,(D) is a 
polynomial in the operator D whose coefficients depend on u. Now under 
certain conditions 


+00 “+ 20 
f e??2"f,,(z)dz = rf e?*f.,(z)dz, 5 = d/dp, 


ioe) 


= §nme%?, 
+ 00 +0 
f e?*D[ Z(z) |dz = [e?*Z ]t2 — pf e?*Zdz 
—o ae —0 
=-p e?*Zdz. 


‘pe e??A,(D)[2"fu(z) Jdz = An(— p)dre"”. 


Then P must satisfy the differential equation 
LnAn(— p)dre"” = 0. 


This equation is a differential equation for P which is a function of p only 
and therefore the ratios of the coefficients of any two distinct types of 
products of P with its derivatives must be independent of u. It follows 
that the equation can contain only two terms, those for n = 0 and n = 1. 
Consider for example the case n = 2. Then 


A2(— p)6(e"”) = Ao(— p)e"*us?P + u?(6P)* ] 


and the ratio of the coefficients of these two terms is u and is not inde- 
pendent of wu. Making the elimination of such terms there remains 


A;(— p)de"? + Ao(— p)e”” = 0, 
uA;(— p)6P + Ao(— p) = 0. 


Then A;(— p) = A(— p) will be independent of u while Ao(— p) = uB(—p) 
where B is also independent of uw. Since in the case considered e“” 
= B,(©) = 1, P(0) must = 0 and 
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P(p) = ; At 


Correspondingly we have for f.,(y) the equation 
A(D)(yf) + uB(D)f = 0. 


In general the simplest form of solution of this equation is given by definite 
integrals of type 4(6),* so that we do not appear to have made much 
progress. However if dP/dp is a rational function of p it may be resolved 
into a sum of terms of types dnp”, bn/(p — po)” and if Bu, Yu correspond to 
two functions P;, P, there will be a solution 6, = B.-y. corresponding to 
P,+ P»2 so that more general solutions can be built out of a few simpler 
types. 

Pearson has suggested types of statistical distributions which are more 
general than the “normal” or Gaussian distribution. They are such 
as to satisfy a differential equation of the form 


Se 
fdy bo + biy + bey?’ 


When this equation is cleared of fractions there appears a term boy*Df and 
in such a case f cannot lead to a solution of 3(5)._ We must therefore choose 
b. = 0, and then 


(biD + 1)(yf) + (boD — ay — bi)f = 0. 


Comparing with the form already given 


A(D) = b,D + 1, B(D) = (boD — [ay + b1})/u = egD — «1. 





"Cog — C1 


» og +1 


5(1). If b= 0, P= eop?+ cip, Df/f = (aru — y)/eou and log f 
= — y?/2cgu+ (e1/co)y + C, where C is some constant, which must be 
+00 


chosen so that B,(«©) = fuly)dy = 1. 


—o 


In fact this gives the normal distribution 


P(p) = dq. 


] 2/9, 
u(4 ) ae ee e (Yer)? equ 
July V(2requ) 
in which the average is at cyu (i.e. moving with velocity c:), and the standard 
deviation is V(cou). 


* Cf. A. R. Forsyth, ‘Treatise on Differential Equations” (1903), 3d ed., p. 250. 
{ K. Pearson, Philosophical Transactions of the Royal Society, 186A, p. 3438. 
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oC, Ba) = J ePfuly)dy 


i) 


= oo ee eicoup?+e.up if ” eer eur )* Pete Jy 
V(2reou) ~~ 
=e", 
This proves that here is a possible solution. 
5(2). If b; + 0, let po = 1/bi, n = e1po + copi, then 
P(p) = — copop — n log (1 — p/po), 
log f = — poy + (nu — 1) log (y + weopo) + C, 


where C is some constant chosen so that B,(0) = 1. 

From the form of this solution it is evident that y > — weopo, or in 
other words that f.(y) = 0, when y < — weopo. 

When y > — ucopo, fuly) = e?"(y + ucopo)”™ pie" /T' (nu). In this 
case there is a sharp boundary at y = — wcopo, which is therefore moving 
with velocity — copo. The average is at (nu/po) — ucopo, the standard 
deviation is V(nw) /po. 

By choosing C to be partly imaginary, C = C’ + (nu — 1) log (— 1), 
we can obtain another solution in which f,(y) = 0 when y > — wcopo. 
For the convergence of the integral po must now be negative, = — qo 
and then when y < wcogo, fu(y) = e®(ucogo — y)™™ 1qh"e “"" /T (nu). This 
distribution is the mirror image of the other, reflection taking place at 
Y = — UCopo and with qo = — po in place of po. The two cannot be com- 
bined since in one case po is positive, in the other negative. When a com- 
parison is made of the two types of solution we see that type 5(1) is con- 
tinuous and as soon as wu becomes positive there is a finite non-zero density 
of distribution in both directions; type 5(2) has a discontinuity at a moving 
boundary and the distribution has non-zero density on one side only of this 
boundary. Also in 5(2) the rate of decrease in density is less rapid than 
in 5(1). To make a true comparison of these rates it is necessary to make 
allowance for the different deviations. Let 7 be the average y, o the 
standard deviation and put y = 7+ 70 where r is some pure number 
greater than 1. In case 5(1) y= cu, a0 = V(eou), and 


— oDf if = V(cou) Levu + rV(cou) — exw ]/cou 
=f, 


In case 5(2) ¥ = nu/po — ucopo, ¢ = V(nu)/po, and 


sb Sete i 
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: (nu) 1— nu | 
oDf |f Po E T nu/po + rV(nu)/po 


1+ rv(nu) 
r+~(nu) ° 
If r > 1 this is < r and if r is large while w is small it is approximately 1/r. 
As the next step we might consider differential equations for f which 
are of the second order, that is in which dP/dp is a fraction in which either 
the denominator or numerator (or both) is quadraticin p. If the denomi- 
nator reduces to a constant we have a case similar to 5(1) but in which 
P contains a term in p*. The resulting solution for f is not elementary. 
If the denominator is linear, P is the sum of terms of type 5(1) and 5(2), the 
resulting solution is an integral composition of 5(1) and 5(2) and is not 
elementary. 
Finally if the denominator is quadratic, P is the sum of types 5(2)and 








the combination in f is again not elementary. 

There are an endless number of other possible solutions but the author 
has not had the good fortune to find types which should be so simple that 
they could be used as a basis for further investigation. Even the type 5(2), 
simple though it is, does not seem to be readily applicable to problems in 
dynamic probability. It may, however, be useful in exceptional cases. 

For the remainder of this paper we shall use the solution 5(1) in the 


y 
forms: B,(y) = i fu(y)dy, where 


1 a 
5(3) u(y) = = caliente 
July V(277 Mu) 
5(4) fuly) = V(R/2ruje Pe ere eek 


R= 1/M, F= RU, U = MF. 


U is the velocity of the average change in x, or we may call U the drift 
of the group. 

M is the rate of increase of the average square deviation and is called 

F is the ratio of drift to mobility and is called the force. 

R is the reciprocal of the mobility and is called the resistance. ° 

The formule 5(3), 5(4) are really identical but in some cases one or the 
other form is more convenient and natural. 

6. Variable Characteristics.—We now consider the motion of a group 
during finite intervals of time and over finite intervals in the variable. 
We assume that the motion is the result of infinitesimal movements of the 
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type 5(3), that is to say, that when w is sufficiently small the motion is as 
close to that of 5(3) as we choose but that the characteristics U, M (or 
F, R) vary both with initial position z and initial time ¢. It is also assumed 
that, except possibly at a boundary, the first and second partial derivatives 
with respect to 2 of these characteristics exist and are limited, and that 
U, M, F, R are also limited. 

Let y refer to a displacement from an initial position x, u a positive 
increase in the time ¢ and denote f.,(y) by 


fly, us @, t) = VR/Bmuje-Po— 00, 


where R, U are possibly functions of z, t. Then 


+e 
Sly, u; x, dy = 1, 


= 


+00 


fy, u; x, thydy = Uu, 


—o 


+a 
f fly, u; x, H)ydy = Mu, 


+o 
f fy, u; 2, by*"dy=0, n>1, 


if we neglect terms of the second, and higher, order in w. 

In an individual case the number of members of the group lying in a 
given interval will be an integer and the distribution will be completely 
discontinuous. But our problem is that of probable, or average, not actual 
distribution and such a probable number may be fractional or even ir- 
rational. We assume that the probable number of members of the group 
in the interval 2 to x + dz is N(a, t)dz, that N(z, t) is limited and summable 
from — « to + © and that it possesses bounded first and second partial 
derivatives with respect to zx. 

If K(u) is the number crossing the point x in the direction of x increasing, 


K(u) = f N(s, dds [ Sy, u; s, Hdy 


= f dy J fly, u; s, t)N(s, tds. 
0 z—y 


This change of order of integration is legitimate since N(s, ¢) is summable 
in s and 


f(y, us 8, t)| = VRi/2ue*"™eF, 





— “~ we 


we 
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where R; is the maximum, R, the minimum value of R, F; the maximum 
value of F = RU, the expression on the right-hand side being independent 
of s and summable in y. 

If « — p is substituted for s we obtain 


K(u) = r dy f fly, u; x — p, t)N(a — p, t)dp. 
0 0 
Expanding in powers of p, 
fly, u; x — p, HN(x — p, t) = fly, u; 2, )N(a, b) 
~ r- Li, u; ¢, )N(2, +5 ely P) 


BY 





| 
e(y, p)| < = Pose ine aL fy, UU; U— Pp, t)N(x Ee ]) 


< (ao + ayy?/u + aryt/u2)(1 + bry + dou) V(Ri/2u)e~ 2 cP, 


where do, ai, a2, b1, be are certain constants depending on the bounds of the 
derivatives of U, M, F, R but are independent of y and wu. From this 
inequality it follows that 


cs) y 1 | 
f dy | 5pv'e(y, p)dp| < a term of order w’. 
| Jo 0 « 


It can be neglected and considering terms of order uw, or less, 
aT) y 

K(u) = | dy | fly, u; x, O)N(a, dp 
0 0 


” , 0 7 ¥ fig i 
zs f iy f | xe, t) f Fly, us 2, Dp | 


= N(e,) [af ws 2, Ody — 5 2 xe, » [vf us 2, Ody 
0 ail 


Similarly the number L(w) crossing in the other direction is 





L(u) = f N(s, nds f . fly, u; 8, dy 


0 e—Y 
=f wf tu ONG, dds 


— N(a, of. yf (y, u; 2, dy +3 + xe, t) 


0 


yf (y, U; @, day | : 


—o 


Combining these two, the net resultant number crossing to the right (a 
increasing) is K(uw) — L(u) or 
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+ 00 
N(a, of inca a day -55-| New of yy, 03 2, day | 
= NUu- 5 (NMu). 


6(1). The net rate at which members cross at z in the direction of x 
increasing is given by 
NU —-= (NM). 


6(2). Taking into consideration the flow across a neighboring point 
x + dx, if there are no sources or sinks, 


oN 0” 


a= a3 (NM). 


mer 1 
S (WU) +5 
This equation is similar to that governing the flow of heat along a bar, but 
there is an added term depending on drift. 
For statistically steady flow dN /dt = 0, 


NU - a = (NV M) is independent of x. 


For statistical equilibrium (statistically stationary state) 


NU ~52 WM) = = 0 
of which the general solution is N = (C/M)e?* where C is an arbitrary 
constant, ¢ is the attractive potential defined so that d¢/dx = F = RU 
= U/M, and U, M are now assumed to be independent of t. 

It is evident that N tends to be large where the attractive potential is 
high or where the mobility is small. 

In economics ¢ may be regarded as a possible substitute for ‘ desira- 
bility ”’ or “‘ ophelimity.”’ 

7. Boundary Conditions.—At a rigid boundary there will not only be a 
resultant 0 flow but the flow will be 0 separately in each direction. Suppose 
that at x there is a distribution with finite density for smaller values of z 
and density 0 for larger values of 2; then L(u) = 0 because N(s, t) = 0, 
s >a. Neglecting terms of order higher than wu, we have seen that 


Kw = N [ ufdy — 3 5-| [vite |. 


Let y = Uu+2 V2Mu, then 


mi 


TD 








~~ 
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[afd aed . — (Uut+ 2v2Mu)e-“dz 


Ar UV (u/2M) 

[ V¥(Mu/2r) + 4Uu]+ terms of higher order in u. 
f yfdy = =-{ _ (Uu+ 2V2Mu)e-*dz 

0 Vr — UV (u/2M) 


= 4Mu-} terms of higher order. 





Therefore to order u, 
_ 1a doa 
K(u) = 4u[NU —5 oa (NM)] + VuN V(M/2z). 
This shows that the flow to the right consists of half the net statistical 
flow which would occur if the distribution were uniform through 2, instead 
of being bounded at x, together with a flow in which the initial quantity 
flowing in time u is proportional to Vu. The latter constitutes a sudden 
gush from the region of finite density into the empty space. At an im- 
passable boundary this gushing flow must also vanish and the necessary 


conditions will be 
M =0, NU - 2 


3 ar (NM) = 0. 


The condition M = 0 makes R = ~& and this violates the conditions imposed 
in paragraph 6, so that we cannot conclude immediately that these are also 
sufficient. | 

If at the boundary xo, M = 0 every member of the group which happens 
to arrive at x will have immediately thereafter a velocity U = Uo and the 
dispersion will be 0. It would appear to be a sufficient condition that Uo 
should be non-positive, for then the group would not pass 2. But since 
at any point 2 < 2, there is a flow of rate NU — 4 (0/dx)(NM) there will 


. be a sudden change in the density between x and 2 unless this expression 


also approaches 0 at x = x. Since My = 0, this condition is equivalent to 
Uy = (0M /dx)o. Now M is positive except at x = 2 and if it possesses 
a derivative at x = 2, (@M/dx)) must be non-positive, or Uo will be non- 
positive. It therefore appears that the two conditions 


: RO eet 
M = 0, NU — ar (NM) = 0 
are sufficient as well as necessary. Let W = U — 4(0M/dz), then at 
x=2,M=0,W=0. Now 


aN. a aN OW , (10M _\aN , ,,,aN 
7S a eee at ( ~w)S + iM Gs 





2 Ox 








| NW -—iM 
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At x = 2 this becomes 
ONo 1 2 
am oe N,(OW/dx)o + (0M /dx).(ON/dx)o. 

It may happen that the boundary produces its effect by a “ repulsion ”’ 

which is considerable at some distance, but consider the case where U, M 

are practically unaffected until points very near 2 are reached. ‘Then in 

general M will suddenly drop to 0 from a finite value and (01//02) 9 will be 
large. If (0@N/dx)o does not happen to be 0, 0No/d¢ will be large numerically 
unless there is some relation of the type 0N/dx = 2kN, where k is a finite 
number such that OW /dx — kdM/dx remains finite. Now if at the boundary 
point ao there were statistical equilibrium without any real boundary we 
should have 0N/dx = 2(W/M)N. Choose k = W’/M’, where W’, M’ are 
the values W, M would have in the absence of a boundary. Since these 
would not vary very rapidly near xo, the conditions would be satisfied. 

Hence we may write the general equations for our form of dynamic proba- 

bility in the form: 


as oN | en i? ... 
7(1) => — 9, (NU) +5 53 (NM) 


throughout the range, together with the boundary conditions: 


lo. 
595 (NM) = 0, 


7(2) NU — 
in which U, M take the values which they would have in the absence of any 
boundary. It is important, however, to remember that in a small neighbor- 
hood of a boundary U and M actually vary rapidly and that their values 
will differ from those which they would possess in the absence of a boundary. 


. 7 1/10M : 
Since Wo = 0 = Up — (0M /dx)o, Fo = Roo = 5 ¢; az) , there will 
“a 4 ‘ 0 


be a strong repuls#e “‘force’’ very close to a boundary. The author 
hopes to obtain some interesting results by an extension of the analysis 
to two or more dimensions. 


Rice InstiTuTeE, 
Hovuston, TExXas. 
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INTRODUCTION TO A GENERAL THEORY OF ELEMENTARY 
PROPOSITIONS. 


By Emit L. Post. 


INTRODUCTION. 


In the general theory of logic built up by Whitehead and Russell* to 
furnish a basis for all mathematics there is a certain subtheoryf which is 
unique in its simplicity and precision; and though all other portions of the 
work have their roots in this subtheory, it itself is completely independent of 
them. Whereas the complete theory requires for the enunciation of its 
propositions real and apparent variables, which represent both individuals 
and propositional functions of different kinds, and as a result necessitates 
the introduction of the cumbersome theory of types, this subtheory uses 
only real variables, and these real variables represent but one kind of entity 
which the authors have chosen to call elementary propositions. The 
most general statements are formed by merely combining these variables 
by means of the two primitive propositional functions of propositions 
Negation and Disjunction; and the entire theory is concerned with the 
process of asserting those combinations which it regards as true propositions, 
employing for this purpose a few general rules which tell how to assert 
new combinations from old, and a certain number of primitive assertions 
from which to begin. 

This theory in a somewhat different form has long been the subject 
matter of symbolic logic.t However, although it had reached a high state 
of development as a theory of classes, it had this incurable defect as a 
logic of propositions, that it used informally in its proofs the very proposi- 
tions whose formal statements it tried to prove. This defect appears to be 
entirely overcome in the development of ‘ Principia.’ But owing to the 
particular purpose the authors had in view they decided not to burden their 
work with more than was absolutely necessary for its achievement, and so 
gave up the generality of outlook which characterized symbolic logic. 

It is with the recovery of this generality that the first portion of our 
paper deals. We here wish to emphasize that the theorems of this paper 








= AN Whitehead and B. Russell, Principia Mathematica, Vol. 1, 1910; Vol. 2, 1912; 


Vol. 3, 1913. Camb. Univ. Press. 
{ Ibid., Vol. 1, part 1, section A. 
t See C. I. Lewis, “A Survey of Symbolic Logic,’’ University of California Press, 1918. 
An extensive bibliography is given there. 
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are about the logic of propositions but are not included therein. More 
particularly, whereas the propositions of ‘Principia’ are particular asser- 
tions introduced for their interest and usefulness in later portions of the 
work, those of the present paper are about the set of all such possible 
assertions. Our most important theorem gives a uniform method for 
testing the truth of any proposition of the system; and by means of this 
theorem it becomes possible to exhibit certain general relations which exist 
between these propositions. These relations definitely show that the 
postulates of ‘Principia’ are capable of developing the complete system of 
the logic of propositions without ever introducing results extraneous to that 
system—a conclusion that could hardly have been arrived at by the particu- 
lar processes used in that work. 

Further development suggests itself in two directions. On the one hand 
this general procedure might be extended to other portions of ‘ Principia,’ 
and we hope at some future time to present the beginning of such an at- 
tempt. On the other hand we might take cognizance of the fact that the 
system of ‘Principia’ is but one particular development of the theory— 
particular in the primitive functions it employs and in the postulates it 
imposes on those functions—and so might construct a general theory of such 
developments. This we have tried to do in the other portions of the paper. 
Our first generalization leads to systems which are essentially equivalent 
to that of ‘ Principia’ and connects up with the work of Sheffer* and Nicodf 
in reducing the number of primitive functions and of primitive propositions 
respectively. The second generalization, on the other hand, while including 
the first also seems to introduce essentially new systems. One class of such 
systems, and we study these in detail, seems to have the same relation to 
ordinary logic that geometry in a space of an arbitrary number of dimen- 
sions has to the geometry of Euclid. Whether these “non-Aristotelian”’ 
logics and the general development which includes them will have a direct 
application we do not know; but we believe that inasmuch as the theory 
of elementary propositions is at the base of the complete system of ‘ Prin- 
cipia,’ this broadened outlook upon the theory will serve to prepare us for 
a similar analysis of that complete system, and so ultimately of mathe- 
matics. 

Finally a word must be said about the viewpoint that is adopted in this 
paper and the method that is used. We have consistently regarded the 
system of ‘ Principia’ and the generalizations thereof as purely formal de- 


*H. M. Sheffer, ‘A Set of Five Independent Postulates for Boolean Algebras, with 
Applications to Logical Constants,” Trans. Amer. Math. Soc., 14 (1913), pp. 481-88. 

t J. G. P. Nicod, “A Reduction in the Number of the Primitive Propositions of Logic,” 
Proc. Camb. Phil. Soc., Vol. X1X, Jan., 1917. 
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velopments,* and so have used whatever instruments of logic or mathe- 
matics we found useful for a study of these developments. The fact that 
one of the interpretations of the system of ‘Principia’ is part of the 
informal logic we have used in this study makes the full significance of this 
interpretation, at least with regard to proofs of consistency, uncertain, but 
it in no way affects the actual content of the paper which is in connection 
with the formal systems. 


Tue SysTEM OF PrRINcIPIA MATHEMATICA. 


1. Description of the System.—Let p, p1, po, +++, G, Qty Jas ***y Ts Try 
ro, +++ arbitrarily represent the variable elementary propositions mentioned 
in the introduction. Then by means of the two primitive functions ~ p 
(read not p—the function of Negation) and p V q (p or g—the function of 
Disjunction) with the aid of the primitive propositions 

I. If pis an elementary proposition ~ p is an elementary proposition, 
If p and q are elementary propositions p V q is an elementary proposi- 
tion, 

we combine thesé variables to form the various propositions or rather 
ambiguous values of propositional functions of the system. It is desirable 
in what follows to have before us the vision of the totality of these functions 
streaming out from the unmodified variable p through forms of ever growing 
complexity to form the infinite triangular array 


p 
PV PD; Pi V Pr, my 
pV ~D, +t ~V~ pr; whit (pi V P2) V (ps V ps), 


~ (pi V Pr); ~ (pV Pp), ~~p 


and to note and remember that this array of functions formed merely 
through combining p’s by ~’s and \/’s constitutes the entire set of enuncia- 
tions it is possible to make in the theory of elementary propositions of 
‘Principia.’ 

But the actual theory is concerned with the assertion of a certain subset 
of these functions. We denote the assertion of a function by writing + 
before it. Then the motive power for the resulting process of deduction 
is furnished by the two rules of operation: 





* For a general statement of this viewpoint see C. I. Lewis, Loc. Cit., Chapter VI, 
section III. 
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II. The assertion of a function involving a variable p produces the 
assertion of any function found from the given one by substituting for p 
any other variable g, or ~ q, or (q V r).* 

III. “+ P” and “+:~ P. v .Q” produce “‘} Q.” 

These enable us to assert new functions from old, or rather in the form in 
which we have put them, generate new assertions from old. And the com- 
plete set of assertions is produced by applying II and III both to the follow- 
ing assertions which give us the start, and to all derived assertions that may 
result: 


IV. t:~(pvVp)-V-p F:~fpv@vn].V-qvoevn), 
k:~q.-V.DVG ki.~(~qVr).Vi~(pVg-V-pvV?, 
k:~(pVq-V-dV PD. 


We here again point out what was emphasized in the introduction that 
this theory concerns itself exclusively with the production of particular 
assertions through the detailed use of the rules of operation upon the 
primitive assertions, and as a consequence the set of theorems of this portion 
of ‘Principia’ consists of the assertions of a certain number of particular 
functions of the above infinite set.t 

2. Truth-Table Development.{—Let us denote the truth-value of any 
proposition p by + if it is true and by — if it is false. This meaning of + 
and — is convenient to bear in mind as a guide to thought, but in the 
actual development that follows they are to be considered merely as symbols 
which we manipulate in a certain way. Then if we attach these two 
primitive truth-tables to ~ and V 





* This operation is not explicitly stated in ‘Principia’ but is pointed out to be neces- 
sary by B. Russell in his ‘‘ Introduction to Mathematical Philosophy,’’ London, 1919, p. 151. 
Its particular form was suggested to us by the first portion of the operation of “‘Substitu- 
tion” given by Lewis, loc. cit., p. 295. It will be noticed that the effect of II is to enable 
us to substitute any function of the system for a variable of an asserted function. 

+ We have consistently ignored the idea of definition in this description. We here 
rigorously follow the authors in saying that definition is a convenience but not a necessity 
and so need not be considered part of the theoretical development. And so although we 
too shall at times use its shorthand, we do not encumber our theoretical survey with it. 

t Truth-values, truth-functions and our primitive truth-tables are described in ‘Prin- 
cipia,’ Vol. 1, p. 8 and p. 120, but the general notion of truth-table is not introduced. 
This notion is quite precise with Jevons and Venn (see Lewis, loc. citus, p. 74 and pp. 175 
et seq. respectively) and has its foundation in the formula for the expansion of logical 
functions first given by Boole. (G. Boole, “An Investigation of the Laws of Thought,” 
London, Walton, 1854, especially pp. 72-76.) For the relation to Schréder see the foot- 
note to section 3. ‘ 
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we have a means of calculating the truth-values of ~ p and p V q from those 
of their arguments. Now consider any function f(pi, po, +++ pn) in our 
system of functions, which we will designate by F. Then since f is built up 
of combinations of ~’s and \’s, if we assign any particular set of truth- 
values to the p’s, successive application of the above two primitive tables 
will enable us to calculate the corresponding truth-value of f. So corre- 
sponding to each of the 2” possible truth-configurations of the p’s a definite 
truth-value of f is determined. The relation thus effected we shall call the 
truth-table of f. 
For example consider the function 


~(~(~PVQDV~(~¢V D)) 


which is the ultimate definition of the function p = q of Principia. We 
have when pis + and q is + the following truth-values of the successive 
components of the function and so finally of the function: 


p:+, ~pi-; ~pVa:t; ~(~pVQir- 
93%; ~~ ei, ~~ eV ROK ow (eg pha 
~(~PVODV~(~dVDiI-~», ~(~(~PDVOV~(~EdV p)):t+ 


the successive truth-values being found by direct application of the primitive 
tables. In the same way the truth-values for p +, g — etc. can be calcu- 
lated and so we finally get the truth-table of p = q, i.e., 





P>d |P=47 
++ + 
Sia a 
—--| + 


It is needless to say that in actual work this amount of detail is quite 
unnecessary. 

We shall call the number of variables which appear in a function the 
order of that function as well as that of its truth-table. It is evident that 
there are 2” tables of the nth order. We now prove the 

THEOREM. To every truth-table of whatever order there corresponds at 
least one function of F which has it for its truth-table. 
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For first corresponding to the four tables of the first order *|*, +/ 7, 


“|=, |Z we have the functions p V p, p V ~ p, ~ (pV ~p), ~ p. Now 
assume there is a function for each mth order table. Then in any table of 
order m+ 1 the configurations for which p41 is -+ constitute an mth order 
table for which there is some function fi(p1, po, +++ Pm). Likewise cor- 
responding to Pm41 — we obtain fo(p1, po, +--+ Pm). Let p.g stand for 
~ (~ pV ~@ a function which has the truth-table 


Pid |P-4 
++) + 
+ — — 
— a = 


| 
| 
| 
| 
| 
| 
| 
| 


Then it easily follows that the function 
Pm+i+fi(P1, Pry +** Pm)-V + ~ Pmti-fo(P1, Pry +** Pm) 


has for its truth-table the given m + Ist order table. 

The functions of F can then be classified according to their tables as 
follows: those which have a!l their truth-values +, all —, or some + and 
some —. We shall call these functions respectively positive, negative, and 
mixed. This classification is of great importance in connection with the 
process of substitution which is so fundamental in the postulational de- 
velopment. We shall say that any function obtained from another by the 
process of substitution is contained in that function. We then have the 

THEOREM. Every function contained in a positive function is positive; 
every function contained in a negative function is negative; every mixed function 
contains at least one function for every possible truth-table. 

The first two results are immediate. In the third case note that any 
mixed function f(p1, p2, ++ pn) has at least one configuration which yields 
+ and one which yields —. Let the truth-value of p; in the positive con- 
figuration be denoted by ¢; and in the negative by t’, and construct a func- 
tion ¢,(p) with the truth-table 


p | .(p) 
+ | t, 
—| ¢, 


Then ¥(p) = f(oi(p), $2(p), +++ dn(p)) will be + when p is + and — 


when p is —. But by our first theorem there is at least one function 


9(91, 92, *** Gm) corresponding to any table of order m. Hence y[ 9(q1, q, 
- dm) J is a function contained in f(pi, p2, +++ Pn) corresponding to that 
table. 


Corottary. Every mixed function contains at least one positive function 
and one negative function. 
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3. The Fundamental Theorem.*—A necessary and sufficient condition that 
a function of F be asserted as a result of the postulates II, III, IV is that all 


its truth-values be +. 

Note first that each of the primitive assertions of IV is a positive func- 
tion. Furthermore from the assertion of positive functions we can only 
get positive functions. For the only method we have of producing new 
assertions from old is through the use of II and III. Now II can only 
produce positive functions since every function contained in a positive 
function is positive. As for III, if Pis + andQis —,~ P Vv Q is —, so 
that so long as P is a positive function and ~ P V Q isa positive function Q 
must be positive, so that III can only produce positive functions. Hence 
every asserted function is positive and we have proved the condition 
necessary. 

In order to prove it also sufficient we give a method for deriving the 
assertion of any positive function. It will simplify the exposition to intro- 
duce the other two defined functions of ‘Principia’ besides p.q (p and q) 
given above, viz., 


p2>q-=-~pvg Dft; p=q-=-.p2»q.q>p Df 


read “p implies qg”’ and “p is equivalent to q’’ respectively, and having 
the tables 
r= 


PY|\P>Y Pd 


++) + ++) + 
+-) = += = 
—~-+ + -+ > - 
-- + -- + 


* The method for testing propositions embodied in this theorem is essentially the same 
as that given by Schréder for the logical system he has developed. (Ernst Schréder, Vor- 
lesungen iiber die Algebra Der Logik, Leipzig, Teubner; 2. Bd. 1. Abth, 1891; §32.) But 
we believe the range of significance of the proof we have given to be quite different from 
that of the work of Schréder. For first, as has been emphasized by Lewis (Loc. cit., Chap. 
IV), formal and informal logic are inextricably bound together in Schréder’s development 
to an extent that prevents the system as a whole from being completely determined. As 
a result the necessity of the condition of the theorem, which evidently requires such a 
complete determination if it is to be proved, remains unproved. As for the sufficiency, 
parts # and C of our proof appear in the proof for the expression of functions given by 
Schréder. (1. Bd, 1890). Part A, however, seems not to have been given explicitly, 
while corresponding to part D are all the theoretical difficulties met with in passing from 
the theory of classes to that of propositions when the development is not strictly formal. 
Hence the sufficiency of the condition is only incompletely proved. The theorem as given 
by Schréder is therefore of only partial significance even in his own system; and when 
transplanted to the system of Principia requires independent proof. Finally we may men- 
tion that the applications we have made of the theorem depend for their significance on 
those parts of the proof which do not appear, and could not appear, in Schréder. 

+ III can now be written “t+ P’ and “+ PDQ” produce “+ Q.” 


| 
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It will be noticed that if we have “+ fi(pi1, «++ pn) = fo(p1, *** Pn)” this 
asserted equivalence must have a positive table by the first part of our 
theorem, and so f; and fz must have the same truth-values for the same 
configurations, i.e., they must have the same truth-table. 

The proof is most conveniently given in four stages. 

A. We prove the theorem p= q¢.>.f(p) =f(q) where the function j 
may involve other arguments besides the one indicated and need not involve 
that. By means of this theorem we shall be able to replace a constituent 
of a given function by any equivalent function, and have the result equiva- 
lent to the given function. 

It becomes necessary for the first time to introduce the notion of the 
rank of a function which we define inductively as follows: the unmodified 
variable p will be said to be of rank zero, the negative of a function of rank m 
will be of rank m+ 1; the logical sum of two functions the rank of one of 
which equals and the other does not exceed m will be of rank m+ 1. Each 
function of F then is of finite rank as well as of finite order.* Returning 
now to the theorem we notice that it is true for a function of rank zero 
since it reduces either to p = q.>.p = q which follows from p > pj by II, 
or to p=q.>.r=r which follows from p >.q > p, r=r, III and II. 
Assume now that the theorem holds for functions of rank m and lower. 
Then it also holds for functions of rank m+ 1. For if f is of rank m+ 1 
it can be written in the form ~ fi(p), or, fo(p) V f3(p) where fi, fo and fs 
are at most of rank m; and then the theorem follows by using p= q.>. 
~ pe ~ gigs¢q.2:.frSe:a:ip Vr.=.¢ Vv ealong with p > ¢: 2 
g=> 7.0.2 7, ied i. 

B. Consider now any function f(pi, po, -++ Pa). Using ~ (p V q) 
=.~p.~qand ~ ~ p= p with the aid of the equivalence theorem of 
A and p=q:2:q=r.>.p=r we finally obtain f(pi, po, +--+ pn) 
equivalent to a function f’(p1, po, --* Pn) which is expressed merely through 
combinations of p’s and ~ p’s by -’s and V’s. 

C.t If we then apply the distributive law of logical multiplication to f’, 
it will be reduced to an equivalent function consisting of successive logical 
sums of successive logical products of the p’s and ~ p’s. If any of these 
products has neither p, nor ~ p, as a factor we can introduce them through 
the oo pV~p,andp: >:q.=.p.q, whenceg: =:(p V ~p) 

:pq.V-~D-4- Now apply the commutative and associative laws 


* But w vhereas the number of functions of given order is infinite those of given rank 


are finite. 

+ This as well as all other particular assertions that we use without an indieation of 
proof appear in Principia, Vol. I, Part A. 

t This portion of the proof is essentially that given by A. N. Whitehead in his ‘‘ Univer- 
sal Algebra,” p. 46. Camb. Univ. Press, 1898. 
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of logical multiplication along with p.p.= .p so that each product has at 
most one p; and one ~ p;. Again using the distributive law for purposes 
of factorization along with the commutative and associative laws of addition 
we finally obtain f equivalent to 


fi(pr, Day *** Pn—1) + Pn» ~ Dn V :f2(p1, +++ Pn—1) ~Pn- V -fa(P1y ++ * Pn—1)»~ Dn 
where one or more of the terms and arguments may not appear. 

D. Suppose now that the original function is positive; then this equiva- 
lent function will be positive. If in particular it be of first order, it can 
onlybep V~ porp.~.pV.pV~p. The first is an asserted function; 
likewise the second through p.>.q V p. Hence also f(p) will be asserted 
through p=q.>.q > p; and so every positive first order function is 
asserted. Assume now that this is true for all mth and lower ordered func- 
tions and let f be any positive (m-+ 1)st order function. The reduced 
function being then positive, both f2 and f3 will be positive, and hence will 
be asserted. From the use of p: 5 :¢.5.p=q,p.r.V .p.~r:=:p 
-rV~r),p:2:8.9.p.8, and p.>.q V p, the reduced function will 
be asserted and so finally f. Hence every positive function can be asserted 
and so the proof is complete. 

We thus see that given any function the theorem gives a direct method 
for testing whether that function can or cannot be asserted; and if the test 
shows that the function can be asserted the above proof will give us an 
actual method for immediately writing down a formal derivation of its assertion 
by means of the postulates of Principia. 

Before we pass on to theorems about the system itself irrespective of 
truth-tables we give the following definitions which apply directly to the 
system: a true function is one that can be asserted as a result of the postu- 
lates, any other is false; a completely false function is a false function such 
that every function therein contained is false—otherwise we call it incom- 
pletely false. We then have the 

CoroLuary. The set of true, completely false, and incompletely false 
functions is identical with the set of positive, negative, and mixed functions 


respectively. 
4. Consequences of the Fundamental Theorem.—In the above develop- 
ment the truth-values +, — were arbitrary symbols which were found 


related in certain suggestive ways through the fundamental theorem. We 
are now in a psoition to give direct definitions of these truth-values in terms 
of the postulational development. In fact we shall define + to be the set 
of true functions, — the set of completely false functions. The truth-value 
of a function will then exist when and only when it is true or completely 
false, and it will be defined as that class (+, —) of which it is a member. 
The content of the fundamental theorem consists now of these two theorems: 





en 
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1. The truth-value of ~ p and q Vv r exists whenever the truth-values of 
p, q and r exist, and depends only on those truth-values as given by the 
primitive tables. It therefore follows that the same is true of any function 
of F, and that the truth-table of such a function can be directly calculated 
from the primitive tables. 

2. The fundamental theorem as stated, or else in the form: if fi and f. 
is any pair of positive and negative functions respectively, then a necessary 
and sufficient condition that a function f(p1, po, --+ Pn) be asserted is that 
each of the 2” contained functions found by substituting fi and f2 for the 
p’s is asserted. It will be noticed that theorem (1) tells us how to deter- 
mine whether these latter are asserted. 

We now pass on to several theorems about the system. 

THEOREM. It is possible to find 2°" functions of order n such that no two 
of them are equivalent and such that every other function of order n is equivalent 
to one of these. 

For we can find 2” functions corresponding to the 2?" different tables of 
order n. The equivalence of any two of these will then not have a positive 
table and so will not be asserted. On the other hand any other nth order 
function will have the same table as one of the 2?" possible tables, and so 
the corresponding equivalence will be positive and hence asserted. 

THEOREM. An incompletely false function contains at least one function 
for each given function which is equivalent to that given function. 

CorROLLaRY. An incompletely false function contains at least one true 
function and one completely false function. 

THEOREM. The negative of a completely false function is true. 

For a completely false function has a negative truth-table, and so its 
negative will have a positive table and hence be asserted. It is worth 
noticing that although this theorem is immediate once we have the funda- 
mental theorem it would be quite difficult without it. 

CoroLiaRy. Every function of F is either true, or its negative is true, or 
it contains both a true function and one whose negative is true. 

THEOREM. The system of elementary propositions of ‘Principia’ is 
consistent. 

For if it were inconsistent we would have both a function and its negative 
asserted. But then both the function and its negative would have to 
have positive tables whereas if a function has a positive table its negative 
has a negative table.* 

THEOREM. Every function of the system can either be asserted by means 
of the postulates or else 1s inconsistent with them. 





*This argument requires merely the first part of the fundamental theorem which 
was proved quite simply. 
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For if a function be not asserted as a result of the postulates it will 
contain a function whose negative can be so asserted. If then we assert 
the original function, the contained function will be asserted so that we 
have asserted both a function and its negative, i.e., we have a contra- 
diction. 

Coro.LtarRy. A function is either asserted as a result of the postulates or 
else its assertion will bring about the assertion of every possible elementary 
proposition. 

For by the theorem we would obtain the assertion of both a function 
and its negative and so by ~ p.>.p > q the assertion of the unmodified 
variable g. But qg then represents any elementary proposition. 

In conclusion let us note that while the fundamental theorem shows 
that the postulates bring about the assertion of those and only those 
theorems which should belong to the system, this last theorem enables us 
to say that they also automatically exclude the very possibility of any 
added assertions. 


GENERALIZATION BY TRUTH-TABLES. 


5. General Survey of the Systems Generated.—The system we have 
studied in the preceding sections is a particular system depending upon the 
two primitive functions ~ p and p V gq. Two modes of attack have pre- 
sented themselves. On the one hand we have the original postulational 
method, on the other the truth-table development. In passing to a general 
study of systems of the kind discussed these two methods present themselves 
as instruments of generalization. We reserve the postulational generaliza- 
tion for the next portion of our paper and now take up the truth-table 
generalization. 

To gain complete generality let us assume for our primitives u arbitrary 
" netions with an arbitrary number of arguments which we will designate by 


filpr, Po, -** Dm), fo(P1, Poy *** Pms)> *** fu(Prs Pos *** Pry) 


and let us attach an arbitrary truth-table to each. By successive combina- 
tions of these functions with different or repeated arguments we generate 
the set of derived functions which as before we designate by F. Again 
each function of F will possess a truth-table in virtue of the tables of the 
primitive functions of which each is composed. Denote the set of truth- 
tables thus generated by 7. Then whereas in the system of ‘Principia’ T 
consists of all possible truth-tables, this will not necessarily be the case here. 

In another paper we completely determine all the possible systems T 
and show that there are 66 systems that can be generated by tables of third and 
lower order, and 8 infinite families of systems that are generated by the intro- 
duction of fourth and higher ordered tables. 
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If two systems have the same truth-tables the primitives of each can 
evidently be expressed in terms of those of the other so that truth-tables 
are preserved. We can then say that each system has a representation in 
the other and the two are equivalent. In particular every truth-system has a 
representation in the system of Principia while every complete system, i.e., 
having all possible truth-tables, is equivalent to it. In the aforementioned 
paper we also determine the ways in which a complete system may be 
generated, and it turns out that one table alone is sufficient to generate it, 
and it can be either of these two 


++/- ++4'- 
+-/+ 4+-/- 
-—+/+ -+- 
—--|+ -- 4 


a result first given by Sheffer as stated in the introduction. 

The truth-table development for complete systems is essentially the 
same as that given in section 2. It is easy to prove for all systems the 

THEOREM. Every function contained in a positive function is positive; 
every function contained in a negative function is negative; every mixed function 
contains a function for every table of the system. 

6. Postulates for a Complete System.—We now show how to construct 
a set of postulates for any complete system such that: the set of asserted 
functions is identical with the set of positive functions, while the assertion of any 
other function brings about the assertion of every elementary proposition 
a property which also characterized the system of ‘ Principia.’ 

Let ~’p and p V’q be functions in the given complete system with the 
tables of ~ and V. Out of ~’ and V’ we then construct p >’ q and 
p ='qasp > qand p = gare found from ~ and V, and also fi (pi, +++ Pm); 
++ +f. (pi, +++ Dm,) With the same tables as fi(p, +++ Pm,), ***yfu(Pu °° * Du) 
This is possible since ~ and V, and so ~’ and V’ can generate a complete 
system. All the functions ~’, V’, >’, =’, fi, --- f,, are ultimately ex- 
pressed in terms of the f’s and so belong to the system. Construct now the 
following set of postulates: 


I. If pi, «++ Pm, are elementary propositions, f1(p1, +++ Pm,) Is. 

If p1, «++ Pm, are elementary propositions, f,(p1, °+* DPm,) is. 
II. The assertion of a function involving a variable p produces the assertion 
of any function found from the given one by substituting for p any other 
variable q, or fi(q1, -** Gm), °°* OF fu(Giy *** Ymu)- 
III. “+ P” and “+ P 3’Q” produces “+ Q.” 
IV. (1) k:p V’p.>’p (a) EF .filpi, po, +++ Dm) = 'filpi, Pay *** Pm); 


(5) Fe: (u) + -fu(pi, Poy *** Dm) =" fu(pr1y Poy *** Dmy)- 
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where (1)—(5) are the assertions of IV in sec. 1 with ~’ and V’ in place of 
~and V. 

That all asserted functions are positive can be verified as in the proof of 
sec. 4. As for the converse, note that III and IV (1)-(5) being of the same 
form as III and IV of sec. 4 will yield the assertion of all positive functions 
expressed in terms of ~’ and V’. By the use of (a)—(u) every function 
can be shown to be equivalent (=’) to some function expressed by ~’ 
and V’ and so every positive function will be asserted. In the same way 
the assertion of any non-positive function will bring about the assertion of 
a non-positive function in ~’ and V’ alone, and so of any proposition. 

We thus see that complete systems are equivalent to the system of 
‘Principia’ not only in the truth table development but also postulationally. 
As other systems are in a sense degenerate forms of complete systems we 
‘an conclude that no new logical systems are introduced. 

7. Application to Nicod’s Postulate Set.—Although, as in most existence 
theorems, the above set of postulates may not be the simplest in any one 
case, it can be used to advantage in showing that a given set has the same 
property as it possesses. For this purpose we show directly that all asserted 
functions are positive, and then that by means of the given postulates (a) 
-ach of our formal postulates may be derived (b) that the results derivable 
by our informal postulates can also be derived by the given ones.* 

As an example we consider the set of postulates given by Nicod for the 
theory of elementary propositions in terms of the single primitive function 
of Sheffer’s which Nicod denotes by p|q and is termed incompatibility by 
Russell.¢ It is the first of the two functions given in section 5 as generating 
a complete system. Nicod gives the definitions 


~p.=.plp Df, pV q.=-pilpla/q Of 


which we take to be our ~’p and p V’q respectively. His p > ¢.=.p|q/qDf 
however is not our p >’q which is ~’p V’q. The primary distinction of 
his system is that he uses but one formal primitive proposition. 

In carrying out the proof suggested we merely note that by means of his 
informal proposition “+ P” and “+ P|R/Q” produce “+ Q” we get the 
effect of “+ P” and “+ P|Q/Q” ie, “FP > Q” produce “+ Q” when 
R=(. Since he has p 3’q¢.>.p > q we thus get the effect of “} P” 


* That the informal postulates of a system must be proved effectively replaced by 
others in another system is a precaution rarely taken in discussions of equivalence or 
dependence of logical systems. Such a discussion is unnecessary in ordinary mathematical 
systems since their distinctive postulates are all formal, the informal ones being those of 
a common logic. But in comparing logical systems, which usually do contain different 
informal postulates, such a discussion is fundamental. 

+ B. Russell, loc. cit., chap. XIV. 
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and “+ P >’Q” produce “+ Q” our III. Likewise each function IV is 
proved with however > in place of >’. But by means of p > ¢g.>.p 3’ q 
this too is remedied. We then easily complete the proof of the 

TueorEM. If in Nicod’s system we give to p|q the table 


4 | Pld 


5 aie at aoe 
+—|+ 
—+/+ 

+ 
then the set of asserted functions is identical with the resulting set of positive f 
functions; and the assertion of any other function would bring about the asser- 


tion of every elementary proposition. 


GENERALIZATION BY POSTULATION. 


8. The Generalized Set of Postulates.—As in the truth-table develop- 
ment we assume arbitrary primitive functions of propositions 


filpr, pos" Pm)» io ‘leu i ** Pmu); 


but in place of the arbitrary associated truth-tables we have a set of postu- 
lates of the following form. We have tried to preserve all the informal 
properties of the postulates of ‘Principia’ (and of sec. 5) but generalize 
the formal properties completely. 


I. (As in see. 5.) 
II. (As in see. 5.) 


“health ta Pa” Me ee Me 8 Py” 
eL GJ1x,(P, P, sas Pia. e ee . F heal? s, Pi, i £5 P,,) : i 
produce -++ produce 
“L gi(P1, Pr», ost res” ete i 9x( Pi, Po, te P,,)” 


where the P’s are any combinations of f’s including the special case of the 
unmodified variable, while the g’s are particular combinations of this kind 
which need not have all the indicated arguments. 


IV. = hi(pi, P25. °°" Pi) 
+ ho(pi, Po, *** Pre) 


+ h(p1, pes 22 Pi) 


where the h’s are particular combinations of the f’s. 
The retention of I and II which are characteristic of the theory of 
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elementary propositions is our justification for giving that name to the 
systems that may be generated by the above set of postulates. In what 
follows we give what we consider to be merely an introduction to the general 
theory. 

9. Definition of Consistency and Related Concepts.—The prime requi- 
site of a set of postulates is that it be consistent. Since the ordinary notion 
of consistency involves that of contradiction which again involves negation, 
and since this function does not appear in general as a primitive in the 
above system a new definition must be given. 

Now an inconsistent system in the ordinary sense will involve the asser- 
tion of a pair of contradictory propositions which as we have seen wilk 
bring about the assertion of every elementary proposition through the 
assertion of the unmodified variable p. Conversely since p stands for any 
elementary proposition its assertion would yield the assertion of contra- 
dictory propositions and so render the system inconsistent. The two notions 
are thus equivalent in ordinary systems; and since one retains significance 
in the general case we are led to the 

DEFINITION.—A system will be said to be inconsistent if it yields the asser- 
tion of the unmodified variable p. 

In a consistent system we may then define a true function as one that: 
can be asserted as a result of the postulates. Instead of defining a false: 
function as one not true, we give the following 

DEFINITION. A false function is one such that of its assertion be added 
to the postulates the system is rendered inconsistent. 

We can then state that in the system of ‘Principia’ every function is 
true or false. This suggests the 

DEFINITION. If every function of a consistent system is true or false the 

system will be said to be closed.* 
As a justification of this name we may note that the postulates of such a 
system automatically exclude the possibility of any added assertions—a 
state of affairs we believe to be highly desirable in the final form of a logical 
theory. 

10. Propérties of Consistent Systems.—In all that follows we assume 
that the system discussed is consistent. If it be inconsistent one could 
hardly say anything more about it. 

We turn to a theorem which will give us most of the results of this 
section. But first we must state two lemmas which we do not further prove. 

Lemma 1.—If a given set of functions gives rise to some other function 
in accordance with II and III, and if these functions involve certain letters 





* Had the name not been in use in a different connection we should have introduced 


the term categorical. 





| 
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11, 72, °** rz; upon which no substitution is made in the process, then the 
same deductive process will be valid if we have given the original functions 
with an arbitrary substitution of the r’s as described in II provided this 
substitution is also made throughout the process. 

Lemma 2.—The most general process of obtaining an assertion from a 
given set of assertions in accordance with II and III can be reduced to 
first asserting a number of functions in accordance with II, and then applying 
II and III in such a way that no substitutions are made on the arguments of 
those functions. 

TuroreM. Every false function contains a finite set of untrue first order 
functions $1(p), d2(p), «++ o,(p) such that whenever p is replaced by an untrue 
function at least one of these functions remains untrue. 

By the definition of false functions there must be some deductive process 
whereby from the given false function and true functions we assert p. By 
lemma 2 we can replace this process by another where from the given false 
function and true functions we obtain certain contained functions from 
which without substitution of the arguments we obtain p. Now first by 
lemma 1 we can equate to p all the arguments thus appearing and still 
have a valid deductive process for obtaining p. Denote the resulting untrue 
functions which are contained in the original false function by ¢,(p), 
g2(p), «++ @,(p). Then secondly by lemma 1 we can replace p by any 
function yw and still have a valid process which now consists in obtaining 
from certain true functions and ¢;(W), --- ¢,(W). If then each ¢,(W) were 
true, ¥, being obtained from true functions in accordance with II and III 
would be true. It follows that if y be untrue, some ¢,(W) must be untrue. 

THEOREM. Every false function contains an infinite number of untrue 
first order functions; and if the system has at least one false function of order 
greater than one, then each false function contains an infinite number of untrue 
functions of every order. 

By the above theorem the false function contains at least one untrue 
function ¢,,(p). By the same theorem some ¢,.¢,,(p) must be untrue, etc., 
through ¢,,, ¢.,..°** $.(p). These are all different being of different rank, 
and are all contained in the given function. : 

The last part of the theorem may then be proved by showing that by 
replacing equal by unequal variables in the infinity of functions thus 
gotten from the false function of order greater than one we get untrue 
functions of every order, and so by the above method an infinite number of 
every order in every false function. 

We have immediately the 

THEOREM. A necessary and sufficient condition that a function of a 
closed system be true is that all contained first order functions be true. 
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CoroLuary. It vs also necessary and sufficient that all those of rank greater 
than some finite integer p be true. 

In analogy with corresponding ideas in the system of ‘Principia’ de- 
fine a completely untrue function as one in which all contained functions 
are untrue with a similar definition for completely false. We then have 
the interesting 

THEOREM. If a system has a completely untrue function, then every false 
function contains a completely untrue function. 

Every function contained in the completely untrue function makes 
at least one ¢,(p) of a false function untrue. If W is such a contained func- 
tion which makes say ¢,, (p) true, then y will be completely untrue, and 
all contained functions will make ¢,, (p) true yet some remaining ¢,(p) 
untrue. By repeating this process we finally obtain a function y’ such 
that all contained functions make each ¢,(p) of a set that remains untrue. 
“ach such ¢,(W’) will then be a completely untrue function in the given one. 

CoroLtuary. If a closed system has a completely false function every 
false function contains a completely false function. 

If we call such a system completely closed we have the stronger 

THEOREM. In a completely closed system every false function f(p1, po, 

+, Pn) contains a completely false function f(¥i(p), Yo(p), «++, Wn(p)) 
where each y,(p) ts either true or completely false. 

By equating all variables to p in the function of the corollary we get such 
a completely false function where some y~’s may be incompletely false. 
These are then eliminated by successively substituting for p functions 
which make them true. 

CoROLLARY. A necessary and sufficient condition that a function of a 
completely closed system be true is that all contained first order functions found 
by substituting true or completely false functions for the arguments be true. 

This property begins to approximate to the truth-table method. It 
leads us easily to the following criterion for a completely closed postulational 
system being a truth-system which we state without proof. 

THEOREM. A necessary and sufficient condition that a completely closed 
postulational system be a truth-system ws that a true first order function remains 
true whenever we replace a true or completely false constituent function by any 
other true or completely false first order function respectively.* 





*In making a more complete study of the postulational generalization it would be 
desirable to classify all the systems that may result more or less in the way in which we 
have classified truth-systems through the associated systems of truth-tables. In this 
connection we might define the order of a set of postulates as the largest number of premises 
used in deriving a conclusion in III, and the order of a system as the lowest order a set of 
postulates deriving it can have. It is then of interest to note that whereas the set of postu- 
lates of the system of ‘Principia’ is of the second order, the system itself is of the first order. 
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M-VALUED TRUTH-SYSTEMS.* 


11. The Generalized (~, V) System.—We have seen that the truth- 
table generalization, at least with regard to complete systems, is included in 
the postulational development. We now show that the latter is more 
general by presenting a new class of systems, distinct from the two-valued 
systems of symbolic logic, which can be generated by a completely closed 
set of postulates. 

In these systems instead of the two truth-values +, — we have m 
distinct “truth-values” ¢,, t2, ---, tm where m is any positive integer. A 
function of order n will now have m” configurations in its truth-table, so 
that there will be m”” truth-tables of order n. Calling a system having all 
possible tables complete, we now show that the following two tables generate 
a complete system. 





o\~sp ted |PVn0 

ty to tity | ty 

te | ts fine | — 

eee a tts. | i. ly = ji 
i. ty 2 = je 


‘ail tj, 
tytn | tm 
We see that ~mp, the generalization of ~ p, permutes the truth-values 
cyclically, while p V/ mq, the generalization of p \ q has the higher of the 
two truth-values. f 

To construct a function for any first order table, of which there are m”, 


note that 
ti(p). = .pV ~mp-Vm~ipiVns+: ~™\y Df, 


where ~*p.=.~~p Df, etc., has all its truth values t;. Then 
Tm(P) «=~ (~n (mt (DP) -Vn P)iVm wimp) Df 
has all values ¢,, except the first which is ¢,,. Any first order table 


_P | FP) 
bit. 
to | hens 
ar 


™m 


can then be constructed by the function 





* See Lewis, loc. cit., p. 222 for the term ‘Two-Valued Algebra.” 
} The higher truth-value has here the smaller subscript. 
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Tm;(P) ° Vm Tmy(~—"p) > Vm -Tms(~n*p) te Vm ‘i Tm,,(~mP)- 


Construct now a function for the table 





_P | mp 
ty | tm 
te } | | 
tm | ty 
and define p.mq.= .~m(~mp-Vm-~mq) Df which is the generalization 


of p.q and has the lower of the two truth values of its arguments. We 
can now construct a table all of whose values are ¢, except for one con- 


figuration tm,, tm. ***, tm, When it is tmmim,+m, = tu by the function 
—m+1, —me+l nan Se 
Tu(~m ~— Pi) . mT (~m ad pe) ee es Ty(~m ur Pn)> 


and so any table by constructing such a function for each configuration 
and then “summing up” by Vm. 

12. Classification of Functions—the m dimensional Space Analogy.— 
The generalization of the classification of functions into positive, negative 
and mixed is afforded us by the following 

THEOREM. A function contains at least one function for every truth-table 
whose values are contained among the values of the given table. 

Let tm, +++ tm, be the truth-values that appear in the table of a given 
function f(pi, pe, -+* Pn). Then we can pick out pw configurations having 
these values respectively. Construct functions ¢,(p) such that when p 
has the vlaue tm, of one of these configurations, ¢,(p) have the value of p; 
in that configuration. It is then easily seen that f(¢:(p), ---, @n(p)) has 
the value tm, whenever p has the value tp. If then (q1, q@, +++, qi) have 
a table whose values are among the tm,’s, f(¢i(¥), «++, gn(W)) will be a 
function contained in the given function with that table. 

We are thus led to a classification of functions by means of their truth- 
tables such that the set of tables of contained in a given function is the same 
for all functions in a given class. We then have m classes of functions where 
but one truth-value appears, [m(m — 1) |/2! with two truth-values, ---, 
[m(m — 1) --- (m— w+ 1) ]/u! with uw truth-values, ---, one class with 
all m truth-values. We thus have 2” — 1 classes of functions which when 
m = 2 reduces to the three classes of positive, negative and mixed functions. 

These formule suggest an analogy which, if well founded, is of great 
interest. For this purpose replace the set of functions having all of a given 
set of u truth-values by all functions whose values are among these yu values. 
If then we compare the functions of our complete system to the points of a 
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space of m dimensions,* the m classes of functions with but one truth-value 
would correspond to the m coordinate axes, the [m(m — 1) |/2! classes of 
functions with no more than two truth-values to the [m(m — 1) ]/2! co- 
ordinate planes, etc., so that except for the absence of an origin all properties 
of determination and intersection within the coordinate configurations go 
over. If then we attach the name m-dimensional truth-space to our system, 
we observe the following difference, that whereas the highest dimensioned 
intuitional point space is three, the highest dimensioned intuitional proposi- 
tion space is two. But just as we can interpret the higher dimensioned 
spaces of geometry intuitionally by using some other element than point, 
so we shall later interpret the higher dimensioned spaces of our logic by 
taking some other element than proposition. 

13. Truth-Table Characteristics of Asserted Functions.—The following 
analysis presupposes that in constructing a set of postulates for the system 
we at least wish to impose the 

ConpiTion.—If a function is asserted, all functions with the same truth- 
table will be asserted. 

It follows from the theorem of the preceding section that under the given 
condition, if a function is asserted, every function of the truth-space it determines 
is asserted. 

We can now prove that af the system is to be completely closed its asserted 
functions must constitute a single truth-space contained in the given truth space. 
For if there were at least two such spaces, then a function having all their 
truth-values would be false, and so would contain a completely false function. 
This in turn would contain functions with but one truth-value; and these 
being therefore in one of the two given spaces would be true which contra- 
dicts their being in a completely false function. 

No loss of generality ensues if we take the truth values of this contained 
truth-space of asserted functions to be #1, f2, --- t,, where, to avoid degener- 
ate cases 0 < up < m. We now show that a completely closed set of postu- 
lates can be constructed for all such systems. 

14. A Completely Closed Set of Postulates for the Systems.—I and II 
are determined directly as in the general case. To obtain III, construct a 
function p >% q whose table is given by the following: when the truth-value 
of p is that of q or lower, p >% q will have the value ¢,, while if the truth- 
value of p is above that of q, then if the value of p is t, or higher, p 3% q 
will have the value of g, while if it is below ¢,, say t, and that of q is t,, 
then the truth-value of p >% q will be t,_,,,;. III will then be simply 





*Or we might take the truth-table as element in which case the system is perhaps 
smoother than before. 
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Now by generalizing each part A, B, C, D of the proof of the fundamental 
theorem of sec. 3 it can be shown that by the assertion of a finite number 
of functions with values from ¢, to t, all such can be obtained.* If then we 
assert these functions in IV we shall have every function in the y-space 
asserted. Furthermore no others can be asserted for by the use of II and 
III we can only get functions with values from f; to t, by means of functions 
similarly restricted.’ This is obvious in II while in III if the value of P is 
from t; to t, while that of Q is below t,, then from the above definition of the 
table of P > % Q it would have the value of @ and so be below t¢,. But that 
contradicts the assumption that the premises had values from ¢; to t,. 

This set of postulates will then give the proper set of true functions. 
Furthermore let us suppose that we assert a function with at least one value 
below ¢,. This will contain a function ¢(p) with but one value, and that 
below ¢,. By II, 6(p) will be asserted. Furthermore since ¢(p) .>% .(p) 
> ~mo(p) has its value ¢, it will be asserted, and so we obtain by III 
~m(p). Repetition of this process will finally give us a function y(p) 
with but one value tm. But y(p)- > p is asserted having but one value #;. 
We thus obtain the assertion of p. The system is therefore closed. And 
since all functions with values from ¢,,41 to tm are completely false, the system 
is completely closed. 

15. Comparison of Systems.—<As in the truth-table development we can 
generalize the systems by using arbitrary functions as primitives, and as 
was done there we can show how to generate a complete m-dimensioned 
system by one second order function, and how to give a completely closed 
set of postulates for all complete systems. The problem of determining all 
possible systems of m-dimensional truth-tables, however, is one we have not 
considered, though its solution would through considerable light on the 
ordinary problem. 

We turn now to the following 

DerFinitions. A closed system S with primitives fi, fo, --- fn has a 
representation in a closed system S’ with primitives fi, fo, «++ fi if we can so 
replace the f’s by functions in S’ that a function in S will be true when and only 
when the correspondent in S’ is true. 

Two systems are equivalent if each has a representation in the other. 

Denote a complete m-dimensional truth-system with the asserted func- 
tions forming a truth-space of uw dimensions by , 7m. We then have the 


* Lack of space prevents us from giving the details. 
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THEOREM. Two complete truth-systems Tm and ,/T., are equivalent 
when and only when wp = yp! and m = m’. 

The conditions are clearly sufficient since we can make truth-values 
correspond. To prove them necessary suppose m > m’. If we construct 

m™ functions of first order in 7 with different truth-tables then there will 
* two, ¢1(p), ¢2(p) whose correspondents o:(p), 2(p) have the same 
truth-tables since there are in 7’ only m™ of first order. Let x(p, q) have 
value ¢; when p and q have the same value and t» otherwise. Then x(, $1) 
is true; hence x’(¢1, $1) is. $2 having the same table as ¢1, x'(¢1, $2) is 
true, and hence x(¢1, ¢2) the correspondent. But that would make ¢, 
have the same table as ¢@2. Now suppose uw > yp’. If ¢ have all the values 
from ¢; to t, and no others there are wu" functions with values ¢, to t, of 
the form Yd(p). These will then be asserted and so the correspondents 
will be asserted and have values ¢; tot’. Since we can only have yp” fune- 
tions ¥’¢’(p) with different tables, we can find two of the yu" correspondents 
with the same table. The above contradiction then results as before. 

For representation we have only found the 

THEOREM. To represent ,Tm in ,/T),, it is necessary to have p=w’, 
m =m’; i is sufficient to have wp = yp’, m— wp Sm’ — pw’. 

Corottary. A necessary and sufficient condition that ,,Tm have a repre- 
sentation in Tj, is that m = m’. 

It is of interest to note as a result that the only complete truth-systems 
equivalent to the system of ‘Principia’ are ,7'2’s; and though it can be 
represented in every complete truth-system, only ;7'2’s can be represented 
in it. We have thus verified our statement that we obtain essentially new 
logical systems. 

16. Interpretation of m-valued Truth-systems in Terms of Ordinary 
Logic.—Let the elementary proposition of the (~m, Vm) system be inter- 
preted as an ordered set of (m — 1) elementary propositions of ordinary 
logic P = (pi, po, +++ Pm—1) such that if one proposition is true all those 
that follow are true. P will be then be said to have the truth-value ¢, if 
all the p’s are true, ¢2 if all but one are true, etc. Also P will be said to be 
true if at most (u — 1)p’s are false. 

If P = (pr, pay +++ Pmt)» Q = (qs Ga *** Gw-1) We define 


PV mQ. = -(PiV G1, P2V Ga, *** PmV Gm) Df 
~mP.= .(~(piV p2V +++ Pm-1), ~(PiV +++ Pm—1)» V pr- Pas +s 


~(p1V ade DPm—1) us Pm—2 + Pm—1) Df . 


We easily justify these definitions by showing first that PV »Q and ~m 
P are “elementary propositions” when P and Q are, and secondly that they 


a 
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have the proper truth tables. Thus in PV,,Q the first p, V q, to be true is 
the first for which either p or q is true; also all later terms will have p or q 
true and so will be true. PV ,,Q is therefore elementary and has the required 
table. 

But in spite of this representation , 72 still appears to be the fundamental 
system since its truth-values correspond entirely to the significance of true 
and completely false, whereas in , 7m, m > 2 either » >1 or m—yw>1, 
and this equivalence no longer holds. We must however take into account 
the fact that our development has been given in the language of 172 and 
for that very reason every other kind of system appears distorted. This 
suggests that if we translate the entire development into the language of 
any one ,/'» by means of its interpretation, then it would be the formal 
system most in harmony with regard to the two developments. 
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NOTE ON SCHLAFLI’S ELLIPTIC MODULAR EQUATIONS. 


By Artuur Berry. 


In a former paper in this journal* I proved some properties of the 
elliptic modular equations substantially in the form commonly known as 
Schlafli’s equations. I worked with a modular function 2(7) = 27!*x(z), 
where x is Hermite’s function} and showed that, for transformations of 
prime order n (> 3), (1) when n is of the form 4p — 1, corresponding to 
T = 1, x = 2-4 the roots of the modular equations are equal in pairs and 
branched, each pair corresponding to a branch point of order 1 on the corre- 
sponding Riemann surface and that (2) when 7 is of form 4p + 1, there are 
n — 1 roots equal in pairs and branched, and two isolated roots. I showed 
further that the two isolated roots are always of the form e*x(7) (A an integer, 
e = e7'" 4) and that forn = 8p — 3, the two values of e are +i (A = +6 
mod. 24), while for n = 8p+ 1 both values are — 1, or both values 1, 
but was unable to give any simple criterion distinguishing these last two 
cases. 

The object of this note is to establish these results as to the isolated 
roots in a somewhat simpler way, avoiding the rather troublesome quadratic 
transformation used before, and to distinguish between the last two cases. 

It is known that for a modular substitution {(¢ + dr)/(a+ br), rT} of 
Hermite’s first tvpe (a, d odd, b, ¢ even) 


a{(e+ dr)/(a+ br)} = &a(r), 


where \ = 3(b — c)(bed — a); a similar equation holds for substitutions 
of the second type, but as these can be derived from those of the first type 
by applying the substitution 7(77 = — 1/r) and we are only concerned 
with 7 = 7, so that 77 =7, it is enough to consider substitutions of the 
first type. Hence in order to prove that 2{(48r + 72)/n} = e2(2), it is 
enough to prove that it is possible to find integers a, b, c, d, where a, d are 
odd, b, c even and ad — be = 1, and an integer r such that 


(48r + 7)/n = (c+ di)/(a+ bi). (1) 


If n is a prime number of the form 4p + 1, it is a well known result that 


* On Elliptic Modular Equations for Transformations of Orders 29, 31, 37; Vol. XXX, 
pp. 156-169. 
t Sur la résolution de l’équation du quatrisme degré; Comptes Rendus, Vol. 46 (1858), 
Oeuvres, Vol. II, p. 28. 
t Tannery and Molk, Fonctions Ellipliques, Vol. I1, Table XLVI. 
186 
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we can choose a and b (a odd, b even) so that a?+ 6b? = n.* With this 
choice of a and b (1) is equivalent to 


ac + bd = 48r, (2) 
ad — be= 1. (3) 


We can now choose ¢, d to satisfy (3) and can further arrange so that ¢ is 
even d odd; if c’, d’ is one such solution, the general solution isc = ec’ + 2ka, 
d = d’' + 2kb (k integral), and (2) can be satisfied, if 


2k(a? + b?) + ac’ + bd’ =0, mod 48, 
or 
kn = — 3(ac’ + bd’), mod 24; 
since n is prime and ac’ + bd’ is even, this congruence can be satisfied; 
a, b, c, d are now found, and r is given by (2). 

It remains to determine the integer \ (mod. 24), which depends on the 
congruences mod. 3 and mod. 16, satisfied by a, ), ¢, d. 

From (2) and (3), it follows at once that if any one of a, b, c, d= 0, 
mod. 3, then either a and d or b and ¢ satisfy this congruence and therefore 
also \ = 0, mod. 3; if no one of a, b, c, d= 0, then from (3) ad = — 1, 
be = 1, whence b — c= 0, so that againX = 0. Thus in all cases A = 0, 
mod. 3. 

The congruences mod. 16 are rather more troublesome. From (2) it fol- 
lows at once that if b = 2* X (odd integer), ce = 2*’ X (odd integer), then 
k’ = k, for k = 1, 2, 3, and k’ = 4 for k = 4; hence for k = 2 (which is the 
same condition as b = 0, mod. 8) b — c = 0 mod. 16 andX = 0, mod. 8; if 
k=1 or2, ad= be +1=1, mod. 4 anda=d= +1, mod. 4, so that 
a+ d= 2, mod. 4. We now have a(b—c) = (a+ d)b — (ac+ bd) = 
(a + d)b, mod. 16, by (2), whence b — c = 2**! X (odd integer), so that 
fork = 1,b—c= +4, mod. 16, \ = + 2, mod. 8, and for k = 2, b—e 
= 8, mod. 16, \ = 4, mod. 8. As we have seen that \ = 0, mod. 3 it follows 
that X = + 6, 12, 0, mod. 24 and & = +7, — 1, 1 according as k = 1, 
k=2,k>2. The condition k = 1 (or b= 2, mod. 4) can be replaced 


by the simpler condition n = — 3, mod. 8, for a? being the square of an odd 
number is necessarily of the form 8p+ 1, so that Ph =n-—a@=n-1 
mod. 8, and then b = 2, mod. 4 or b = 0 mod. 4 according as n= — 3, 1, 
mod. 8. 


The discrimination between the cases k = 2, k > 2 (or b= 4, b=0, 
mod. 8), does not appear possible by means of any linear congruence for n 
but requires the actual expression of n (n = 8p-+ 1) in the form a? + 0? 
or some equivalent process in the arithmetical theory of quadratic forms. 


” Mathews, Theory of Numbers, § 91. 
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By the proof already given if one isolated root is known the other is 
its conjugate imaginary, so that if one is + ix(7), = + 727!“ the other is 
=F i#(z), and if one is + 2x(2) the other is equal to it. 

Thus we have the final result: 

If n = — 1 mod. 4, all the roots correspond to branch points; ifn = — 3, 
mod. 8, there are two isolated roots + 727!4; if n = 1, mod. 8, there are two 
isolated roots both — 27! or both 2! according as, when n is expressed 
in the form a? + 6b? (a odd, b even), b = 4 or b = 0, mod. 8. 


I take the opportunity of correcting some errata in my former paper: 
P. 158, line 11, for mod. 48 read mod. 24. 

P. 165, line 18, for x{(— 1+ 72 ¥V 27)/31} read x{(— 2 +7 27)/31}. 

P. 165, line 23, for 24 read 2'. 

P. 165, lines 23, 26, for ¥19 read y¥ 15. 


Kines CoLLeGE, CAMBRIDGE, ENGLAND, 
July 17, 1920. 








ASSOCIATED FORMS IN THE GENERAL THEORY OF MODULAR 
COVARIANTS. 


By Ouive C. HAzuert. 


1. Historical Background.—In any theory of covariants, it is of prime 
importance to ascertain whether or not all covariants of the set are express- 
ible assfunctions of the covariants belonging to a finite subset. We may 
attack this fundamental problem from either one of two different points of 
view: either we may endeavor to express all covariants of the set as rational 
integral functions of the covariants of a finite subset, or we may content 
ourselves with the problem of finding rational relations (syzygies) connecting 
the covariants. The first leads to the finiteness theorem; the second, to 
the theory of associated forms. Whichever problem we attack, there emerge 
two entirely different theories, according as the coefficients of the transfor- 
mations of the group are marks of a field of characteristic zero or marks of 
a field of characteristic p + 0. 

In the theory of algebraic covariants of a system of forms under a group 
of transformations having the coefficients in a field of characteristic zero, 
both problems have been successfully attacked. The most important 
names to be associated with the first problem are, Gordan, Mertens, and 
Hilbert;* with the second problem, we associate the names of Boole, 
Hermite and Clebsch.f 

In the theory of algebraic covariants of a system of forms under a group 
of linear transformations whose coefficients are marks of a field of character 
p + 0, comparatively little has as yet been accomplished on either of these 
problems. It must be remembered that, in the case of a finite field, there 
present themselves two distinct kinds of algebraic covariants in contrast 
to the single kind of algebraic covariant that arises when the field is of 
characteristic zero. For, in the latter field, if a function be unaltered in 
form, it is unaltered in value and conversely. Whereas, in a finite field, if 
a function be unaltered in form it is unaltered in value, but the converse 


* Gordan, numerous articles in the journals (for references, see the German encyclo- 
pedia, IB2, § 6) especially Journal fiir Mathematik, Vol. 69 (1868), pp. 323-354, Mathe- 
matische Annalen, Vol. 2 (1870), pp. 227-280. Also his “Invariantentheorie,” Vol. 2, pp. 
231-236; Mertens, Journal fiir Mathematik, Vol. 100 (1887), pp. 223-230; Hilbert, Mathe- 
matische Annalen, Vol. 36 (1890), pp.473. 

t Boole, Cambridge Mathematical Journal, Vol. 3 (1841), pp. 1-20, 106-119; Hermite, 
Journal fiir Mathematik, Vol. 52 (1856), pp. 1-38; Clebsch, Mathematische Annalen, Vol. 3 
(1871), pp. 265-267, and “Theorie der biniren algebraischen Formen’”’ (1872), p. 410. 
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is not true in general, in view of Galois’ generalization of Fermat’s theorem.* 
Accordingly, then, we distinguish two kinds of algebraic covariants of a 
system of forms under a group of linear transformations with coefficients in 
the Galois field GF[_p" |—formal (modular) covariants and modular covari- 
ants, according as the coefficients of the original form are regarded as inde- 
pendent variables or as marks of the field. 

The first to consider formal invariants was Hurwitz,{ who found that 
they arose naturally in an inquiry into the number of roots of the congruence 
Are” + aprv™ 1+ +--+ + aya + ao = 0 (mod p). He proved the finiteness 
theorem for formal invariants for the special case where the order of the 
group G is not divisible by pf. This case is of only minor importance; for 
the total linear group of transformations whose coefficients are in the field 
GF[p” ] is of order p"(p" — 1)(p*" — 1) which is congruent to zero modulo p.- 
Four years later, Dickson introduced the notion of modular invariants§ and 
published an elegant theory of modular invariants in which he proved that 
there is only a finite number of modular invariants of any system of forms 
under any group G of linear transformations.|| Four years later, Dickson 
proved that the set of all modular covariants of any system of forms possesses 
the finiteness property, i.e., they are all expressible as polynomials in the 
covariants belonging to a finite subset.** In 1914, one of Dickson’s students 
extended this theorem to the modular invariants of a system of forms and a 
number of cogredient binary points.t{ Up to the present, the finiteness 
theorem has been proved for formal covariants only in very special cases— 
these are due to Professor Glenn.{{ As Hurwitz pointed out, this is a most 
difficult problem, for none of the methods that obtain in the classical theory 


of algebraic covariants will apply here. 





* If a is a mark of a finite field F of order p”, then a”" = ain the field. In casen = 
the marks of the field are the classes of residues of integers reduced modulo p, and Galois’ 
theorem reduces to Fermat’s theorem. 

+ “Ueber héhere Congruenzen,” Archiv der Mathematik und Physik, series 3, Vol. 5 

(1903), pp. 17-27. 

t Loc. cit., p. 25. 

§ “Invariants of binary forms under modular transformations,’ Transactions of the 
American Mathematical Society, Vol. 8 (1907), pp. 205-232. 

|! “General Theory of Modular Invariants,” Transactions of the American Mathematica! 
Society, Vol. 10 (1909), pp. 123-158. This is the basic paper on modular invariants. 

** “Proof of the Finiteness of Modular Covariants,” Transactions of the American 
Mathematical Society, Vol. 14 (1913), pp. 299-310. 

tt F. B. Wiley, “Proof of the Finiteness of the Modular Covariants of a System of 
Binary Forms and Cogredient Points,” Transactions of the American Mathematical Society, 
Vol. 15 (1914), pp. 431-488. 

tt “A Fundamental System of Formal Covariants Modulo 2 of the Binary Cubic,’’ 
Transactions of the American Mathematical Society, Vol. 19 (1918), pp. 109-118; “‘ Modular 
Concomitant Scales, with a Fundamental System of Formal Covariants, Modulo 3, of the 
Binary Quadratic,” Transactions, Vol. 20 (1919), pp. 154-168. 
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Hence, since this problem is so intractable, it may be of interest to 
consider the related problem of syzygies. The present paper extends the 
method and results of Hermite’s fundamental memoir on associated forms 
for ordinary algebraic covariants to modular covariants, both formal and 
otherwise. The main theorem proves that, if f = aor; + aia” 1+ --- is 
a binary form of order not divisible by p, then any modular covariant of f 
for the Galois Field GF[_p” ] of order p” is expressible (aside from a power of f) 
as a polynomial in the universal covariants Q and L, where the coefficients of 
the terms in Q are polynomials in the forms associated with f. We also 
prove an analogous theorem for formal covariants. From the first of 
these we prove the rather striking corollary that, aside from a power of f, 
every modular covariant is congruent to an ordinary algebraic covariant of 
f whenever the variables z and y are in the field. Similarly we prove that, 
aside from a power of do, every modular invariant is congruent to an ordinary 
algebraic invariant of f. Another corollary gives a neat method of con- 
structing a modular covariant having a given leader, provided the leader 
has dp as a factor. The main theorem, together with its corollaries, is 
verified for the binary quadratic, modulo 3. 

2. Hermite’s Two Propositions.—In a fundamental memoir* already 
mentioned, Hermite proves the following 

First Proposition. Let g and h be any two algebraic covariants of the 
form f(a, y) = aoa™ + ayx™ ly + +--+ + amy” of indices s and t respectively, 
and let us set 


— 
a1) 4 (a, My, do, ++*3 wX “a yX +37) 
a 6(a0, 1, Ga, ***; L,Y; X, Y). 
Then, under the linear transformation 
‘ y = yx’ + by’ 
we have the following identity 
(3) O(a, a, Tass #, y’; a Y) a A‘ (ao, M1, °°*; &,Y; X, af ¥). 


a 


_|@B 
A= ly 5| +o, 


This means that the coefficients of the various terms in X and Y in the function 
6 are covariants of F. In case we take f as the function g, the covariants of f 
thus obtained he calls the covariants associated with f. 

If d is the order of the covariant h, then we can write (1/d) Y instead of 
Y in (1) and (3). If, furthermore, we take as our new variables xX + 2’Y 
and yX + y’Y where x’ = (1/d)(dh/dy) and y’ = (1/d)(0h/dx), the deter- 

-* “Sur la théorie des fonctions homogénes a deux indéterminées,” Journal fiir die reine 
und angewandte Mathematik, Vol. 52 (1856), pp. 21-23. 


| 
| 
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minant zy’ — yz’ of this transformation is the form h itself. The coefficient 
of X” will be f itself and the other coefficients will be denoted by hi, ho, 
++, hm; that is, 


loh,, . loh _  - 
f(a, ay, °° eX —4_Y, yX +55, Y)=s0. hy, ho, siares hes ay Y). 


Thus, if C is any ordinary algebraic covariant of index w, then 


| _ 10h, |, 1dky\_ ae 
h 0 (a, M1, °°°*; “Ja yX +55} )- C(Ao, A, ila a X, gs 
where the Ao, Ai, --- are respectively f, hi, +++, hm. If we now set X = 1 


and Y = 0, this gives us 
h’C(ao, a1, «++; 2, y) = C(f, hi, -++, hm; 1, 0). 


Thus he proves his 

SECOND Proposition. Every ordinary algebraic covariant of f, when 
multiplied by a suitable integral power of h becomes a rational integral function 
of the associated covariants. 

3. Extension to Modular Covariants.—If we now assume that g and h 
are modular covariants (either formal or otherwise), and follow through 
Hermite’s proof of the First Proposition, we readily see that in this case 
we obtain the following result,—if g and h are any two modular covariants 
of f and 6 is defined by (1), then when z and y are subjected to the trans- 
formation (2) where a, B, y and 6 are marks of the Galois Field GF[_p”] of 


order p”, then 


is a ae 
(4) a (ai, Bis S85 x. y'; x, Att } ) - A*4(ao, M1, °°°5 @,Y; X, Y). 


That is, 





1 
7] (u; i oe & Atti y) = A?@(a; x,y; X, Y) + ¢, 


where ¢ vanishes whenever a, 8, y and 6 are in the field. Here it must be 
noted that X and Y are indeterminates. Thus we have 

THEOREM I. The coefficients of the different terms in X and Y are modular 
covariants (formal or otherwise). If g and h are both formal covariants, 
then these coefficients are formal covariants; if, however, either g or h is not 
formally covariant, then the coefficients are not all formal covariants. In 
case g is the form f itself, then the covariants obtained in this manner we 
shall call the associated covariants of f with respect to the covariant h. 

The above result still holds if we replace dh/dx and dh/dy by 7dh/ddx 


and 30h/ddy respectively, where d is the order of h, provided d is not 
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divisible by p. Now for every form f there is always a function h which 
is covariant under the total group of linear transformations whose coeffi- 
cients are marks of the field GF[_p ] and whose order d is not divisible by p.* 
First, every binary form of odd order > 3 has a (non-vanishing) ordinary 
algebraic covariant of order one and every binary form of even order > 4 
has a covariant of order 2. Hence we can confine our attention to binary 
forms of order 3 where p = 3 and binary forms of orders 2 and 4 where 
p = 2. Nowa binary cubic has an ordinary quadratic covariant. More- 
over, the quadratic and quartic modulo 2 have a modular covariant of 
order one.§ Hence every binary form has with respect to the field GF[p ] 
a modular covariant which is of order d + 0 (mod p); this is also known to 
be true with respect to the field GF[p" |] where n > 1, provided p + 2. 
Now let C be any modular covariant of f of index w. Without loss of 
generality, we may assume that C is homogeneous in x and y and pseudo- 
homogeneous|| in the a’s, since any covaraint is the sum of a finite number 
of such covariants. If we replace x and y by xX + 2’Y and yX + y'Y 
respectively, where xy’ — 2’y + 0, and 2, y, 2’, y’ are indeterminates, then 
C(A’s; X, Y) = (ay’ — x’y)”C(a’'s; xX + 2’ Y, yX + y'Y) 
whenever 2, y, x’, y’ are in the field, provided zy’ — 2’y + 0. If we now take 
(6) v= - 755 uaz @+0,mod 
then the A’s become the associated covariants of f with respect to h, and 
the determinant of the transformation is h(x, y). Hence, on substituting 
X =1 and Y = 0, we find that C(A’s; 1, 0) =[h(a, y) |’C(a’s; 2, y) 
whenever z and y are in the field and h(x, y) + 0. In case the left member is 
divisible by h(x, y) and w > 1, this congruence js true even when h(z, y) = 0; 
in order to have a congruence which is true without restriction, we multiply 
throughout by A(x, y) and thus have 


(7) h(x, y)C(A’s; 1, 0) = [A(a, y) ?1C(a’s; 2, y) 


whenever x and y are in the field. 





* Loc. cit., pp. 23-24. 

t Clebsch, ‘‘Theorie der biniire algebraischen Formen,’’ p. 410; Elliott, “Algebra of 
Quantics,” 1st edition, p. 74. 

t Gordan, “Invariantentheorie,” p. 167; Weber, “Lehrbuch der algebra,” Vol. I, 
p. 223; Elliott, p. 109. 

§ Dickson, Madison Colloquium Lectures, p. 56; Glenn, “A System of Formal Co- 
variants, Modulo 2, of the Binary Cubic,’ Transactions of the American Mathematical 
Society, Vol. 19 (1918), p. 110. 

|| We say that a function ¢(z, y, ---) is pseudo-homogeneous of degree d in the Galois 
Field GF [p" | of order p” if g(Ax, dy, --+) = A4y(z, y, -++) whenever d is in the field. In 
case ¢ is a polynomial, this simply amounts to saying that the degrees of any two terms 
of ¢ differ at most by an integral multiple of p" — 1. 
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First let us consider the case in which C is a non-formal modular co- 
variant. Then, in order to obtain from (7) a congruence which shall be an 
identity in 2 and y, we must make (7) homogeneous in x and y._ Now the 
right side is already homogeneous. ‘The order of the left side is determined 
by the weight of C and the degree of C in the a’s. But since the weight of 
any two terms of any modular covariant (such as () differ at most by 
integral multiples of p” — 1, it follows that the orders of any two terms B, 
and B, of C(A’s; 1,0) can differ at most by an integral multiple of p” — 1. 
Let the degree of B, in x and y be w and let the degree of By be we, where 
1 — We = k(p" — 1) and k is a positive integer. Then there is a formal 
covariant P such that B,’= B,P* is congruent to B, whenever x and y are 
in the field such that h(x, y) + 0, and B,’ is of the same degree as B; in x 
and y. We may take P = Q*/H® where Q is the universal covariant 
(xP y — axy?”)/L, H = [h(a, y) ?"", and a and 8B are two positive integers 
such that ap" — Bd=1. Thus, by multiplying each term of the left 
member of (7) by a suitably high power of P, we can make the left member 
homogeneous in x and y of a degree greater than that of the right side. 
Then, if we multiply the right side of (7) by a suitable power of P’ = H*’/Q* 
where a’, 6’ is a pair of positive integers such that 6’d — a’p" = 1, we can 
make the right side of (7) of the same degree as the left side.t Thus, by 
multiplying both sides of the congruence just obtained by a suitable power 
of P’, we obtain from (7) a congruence which is equivalent to (7) whenever 
x and y are in the field. This congruence we may write 


(8) Lh(x, y) FC(a; x, y) = CQ, h, A’s). 


Since this is homogeneous in x and y and holds for all values of x and y in 
the field, we have the identity ; 
(9) La(x, y) /C(a; x, y) = CQ, h, A’s) + LC, 
where C is a modular covariant and € is a polynomial in its arguments. 
Hence we have proved 
THEOREM II. Let f(x, y) be any modular form with coefficients ao, ai, ++ -, 
in the Galois field GF{p" ] of order p", and let h(x, y) be any modular covariant 
of f(x, y)—whose order + 0—under any group G of linear transformations 
with coefficients in the field. If C(a’s; x, y) 1s any modular covariant of 
f(x, y), then—aside from a power of h—C(s's; x, y) ts equal to a polynomial 
in @ and the associated covariants of f with respect to h plus L times a modular 
covariant. Observe that, unless p = 2, there is always an ordinary algebraic 


, 


* Dickson, “Invariants of Binary Forms under Modular Transformations,’ T’rans- 
actions of the American Mathematical Society, Vol. 8 (1907), p. 209. 

t Note that we can take a and 8 such that a < d and B < p". With this choice of 
a and #, we can take a’ = —a+d,p’ = —B+p". 














Hazuett: General Theory of Modular Covariants. 195 


covariant satisfying the above conditions for h; and hence, unless p = 2, the 
associated covariants of f with respect to h are all ordinary algebraic covariants 
of f. 

4. Several Corollaries.—If, in Theorem II, we take h =f and z= 1, 
y = 0, we have 

Corotiary I. Aside from a power of ao, every modular seminvariant of 
a binary form f whose order is not divisible by p is a polynomial in the ordinary 
seminvariants of f. ; 

Observe that this is not equivalent to saying that, aside from a power 
of ao, every modular seminvariant of f is an ordinary seminvariant of f; 
for, in order that a polynomial in ordinary seminvariants be an ordinary 
seminvariant, it must be homogeneous in the a’s and isobaric, whereas, a 
modular seminvariant is not necessarily either homogeneous or isobaric. 

We can also derive a method of constructing a modular covariant having 
a given seminvariant as leader. For, if C(a’s; x, y) is any function having 
the invariantive property under a transformation 7, then equation (5) 
holds provided 2 and y have such values that 
1oh., 1 dh 


y= yX+ Ga, 


= 2X — day ; 
is the transformation 7. In case C is a seminvariant, (5) must be true 
whenever y = 0 and x is in the field. Thus for a seminvariant, (7) and 
(8) hold when y = O and wv isin the field. Since equation (8) is homogeneous 
in x and y, this means that the leader of € is C times the r’th power of the 
leader of h. In case the leader of h/ is a factor of the seminvariant C, then 
the leader of h?"~"1€ is C. In case the order of the form f is not divisible 
by p, we may take h = f, and thus we prove the following 

Corotuary II. Let f(a, y) be a binary form of order m += 0 (mod p), 
and let S(ao, a1, «+ +) be any modular seminvariant of f with respect to the Galois 
field GF[_p" | of order p”. If S contains ag as a factor, then a modular covariant 
having the given seminvariant as leader is obtained by making S(Ao, Ai, ---) 
homogeneous in x and y by the method used in § 3 and then multiplying by a 
suitable power of ao. Here Ao, Ai, «++ are the ordinary algebraic covariants 
which Hermite called the associated covariants of f. 

5. Theorem for Formal Covariants.—In case C(a’s; 2, y) is a formal 
modular covariant of a binary form f(z, y), we have 


(7) h(x, y)C(A’s; 1, 0) = Lh@a, y) HC(a’s; 2, y) 


holding whenever 2, y and the a’s are all in the field. Since C is a formal 
covariant, we may without loss of generality assume that C is homogeneous 
in « and y and homogeneous in the a’s. Then the left member of (7) 


| CREAN AC ROE) RUC RE ee, cont rear nai A aa ae EK rE: 








































196 Hazuett: General Theory of Modular Covariants. 


is pseudo-homogeneous in x and y and pseudo-homogeneous in the a’s. We 
now have the double task of making (7) homogeneous in the a’s as well as 
homogeneous inzandy. ‘To do this, first make (7) homogeneous in x and y 
by multiplying each term by a suitable power of P, just as in §3. Thus 
we have 
(9) Lh(a, y) /C(a; x, y) = C(Q, h, A’s) + LCi, 
holding whenever the a’s are marks of the field. Now any two terms of (9) 
are of the same order, but of different degrees in the a’s, their degrees differ- 
ing at most by an integral multiple of p" — 1. Let the difference between 
the lowest degree and the highest degrees be k(p" — 1). Then multiply 
(9) throughout by [A(2, y) ]*. If h’(2, y) denote the polynomial obtained 
from h(a, y) by replacing ao, a1, --+ by a4”, at”, ---, then h’(2, y) = h(a, y) 
when the a’s are marks of the field. Moreover h’(2, y) is a formal covariant.* 
Hence we may replace h in (9) wherever we wish by h’ without changing the 
validity of the congruence or the formal covariancy. If, in any term we 
replace h' by h’’ where the degree of that term is /(p" — 1) less than the 
maximum degree of any such term, we obtain a congruence which we may 
write 
(10) La(a, y)]*Lh’(a, y) J~2C(a; 2, y) = CQ, h, h’, A’s) + LCi + K 
where K is a formal covariant (since all the other functions in the congruence 
are formal covariants) which is congruent to zero whenever the a’s are in the 
field. Thus once more we see the importance of those irreducible formal 
covariants which are congruent to zero for all values of the coefficients in 
the field.t Thus we have proved 

THEOREM III. Let f(a, y) be any form with coefficients ao, a1, «++ which 
are indeterminates, and let h(x, y) be any formal covariant of f(x, y) under a 
group of linear transformations having coefficients in the Galois field GF[_p" | 
of order p". Moreover, let the order of h(x, y) be not divisible by p. If 
C(a’s; x, y) is any formal covariant of f(x, y), then of we multiply C(a’s; x, y) 
by a suitable power of h(a’s; x, y) and by a suitable power of h(a?"; x, y) the 
result is identically congruent to a polynomial in Q, L and the irreducible 
formal covariants which vanish whenever the a's are in the field. The coefficients 
of the different powers of Q are polynomials in h(a’s; x, y), h(a®"; x, y) and the 
formal covariants which are the associated covariants of f(x, y) with respect to 
h(x, y). Notice that, unless p = 2, the covariant h(a, y) can be taken as 
an ordinary algebraic covariant. 





* QO. E. Glenn, “ Modular Invariant Processes,” Bulletin of the American Mathematical 
Society, Vol. 21 (1915), pp. 167-173. 

+ In a recent paper (Transactions of the American Mathematical Society, Vol. 22 (1921), 
April issue) the writer proved that the set of all formal covariants of a system of forms S has 
the finiteness property if and only if the finiteness property is possessed by the set of those 
formal covariants of S which vanish whenever the coefficients of S are marks of the field. 
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6. Verification for the Binary Quadratic, Modulo 3.—Dickson* has 
shown that a fundamental set of modular covariants of the binary quadratic, 
fo = aovi + 2mazy + ay” (mod 3) consists of 


fo, fa = aot + aya®y + aay? + any’, 

L=xey—a’, Q= e+ aly t vy ty, 

A = aj — Ape, q = (ao + 2)(ai + aa — 1), 

CO, = (ada, — a})a® + 2(ai + aoas) (az — ao)ay + (af — aya2)y’, 
Co = (A+ adja? — 2a;(ao + az)ay + (A+ ad)y?. 


By Hermite’s fundamental memoir, the associated covariants of f2 are 
Ay = fo, Ay = 0, Ao = — Afo. Theorem II is clearly true for polynomials 
in fo and A, since these are ordinary algebraic covariants. 

If we take C = fy, then since here C(A’s; 1, 0) = Ao = fe, (7) becomes 
fo = fs (whenever z and y are in the field) and (8) becomes f2f, = f2Q — L’C2. 
When C = C,, we find that (8) becomes ft 0= f2C; + (A?+ A)L. For 
C = C2, (8) becomes (1 + A)f3Q = f2C2 + L?(qfe — C2). Thus the theo- 
rem is verified when C is any polynomial in A, fo, fs, Ci, C2 and L, Q. Is 
it true for any covariant containing g as a factor, say gQf2? For C = qQfo, 
C(A’s; 1, 0) = (fe + Afe) (Af? — 1)f2Q = (A? — 1)f2 when 2 and y are in 
the field, and thus we have qQf. = (A? — 1)f2 — @L’. 

7. Relation to the Literature.—The chief interest of the results of this 
paper lies in the relation shown to exist between modular covariants and 
ordinary algebraic covariants of the form. From a different point of view, 
the results are of interest in connection with several papers by Professor 
Glenn. 

He considered the expansion of a homogeneous binary form in terms of 
two binary forms of lower order.{ He found that a binary form f of order 
n(m-+ 1) — 1 can be expressed in the form 


f == Poplin +- Qipfin font a + Pmpfon 


(where fi, and fon are two binary forms of orders n and the ¢’s are binary 
forms of order p) provided the resultant R of fin and fon does not vanish. 
Moreover this expansion is unique for any such pair of forms fin, fon: 





* Transactions of the American Mathematical Society, Vol. 14 (1913), p. 310. 

} This syzygy was given by Dickson, “ Finiteness of Modular Covariants,” Transactions 
of the American Mathematical Society, Vol. 14 (1913), p. 310. 

t “The Symbolical Theory of Finite Expansions,” Transactions of the American Mathe- 
matical Society, Vol. 15 (1914), pp. 72-86. 
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He also showed that a form f of order m can be expressed linearly in terms 
of two forms fin, and fon, of different orders n; and nz respectively, provided 
the resultant of fin, and fon, is different from zero.* Thus 


(11) in = ee, en + a 


where Yim—n, ANd Gom—n, are of orders m — n, and m — nz respectively. 
If ny + no = m+ 1, the expansion is unique. 

If fin, and fon, are covariants of f and the expansion is unique, then the 
forms G1m—n, ANd Gom—n, are covariants of f. If, furthermore, (11) is a 
congruence modulo p a prime, and fin, = Q, fon, = L where 


L=waty-—ay, Q= Gf y— a) + b= gO + --- > yO, 


then we have 
(12) fn = Qei1 + Lee (mod p) 


and it appears that any binary form of order m = p? is reducible in terms of 
@ and L and two first degree formal modular covariants with respect to the 
GF[_p] whose orders are respectively p and p?— p—1.ft As Professor 
Glenn points out, “this raises the question as to whether the modular 
expansions (12) for m> p’, containing arbitrary parameters in their 
coefficients may have these parameters determined so that the coefficient 
forms Qim—p2+p) Yom—p—1 are modular covariants.” For various cases in 
which m > p’, he has determined modular covariants ¢; and ¢» of f such 
that the congruence (12) will hold identically in the a’s and the variables 2, y. 

Theorem II of the present paper shows that, for any Galois Field 
GF[_p" | of order p”, if a modular covariant C of f be multiplied by a suffi- 
ciently high power of h, then it is expressible in the form Q¢: + Lz where 
¢1 and ¢2 are modular covariants of f. Moreover, ¢1 is a polynomial in 
Q, f, h and the associated covariants of f with respect to h. At present I 
do not know whether it is true that, for every covariant of f, there is one 
such expansion in which ¢g> is of lower order than C. If this be so, then it 
would follow by induction that, aside from a power of h, every modular 
covariant of f is a polynomial in Q, L, f, h and the associated covariants of f 
‘with respect to h. 


Mount Hoiyoke CoL.ece, 
Soutu Haptey, Mass. 


*“ A Memoir on the Doctrine of Associated Forms,’ Transactions of the American 
Mathematical Society, Vol. 18 (1917), pp. 443-462 (especially pp. 446-448). 
t See article referred to in previous note, p. 461. 








ON (2, 3) COMPOUND INVOLUTIONS. 


By Trempe.LeE Rice Houucrort. 


, 


1. Introduction. —This paper together with a preceding one* is intended 
to complete the discussion and classification of (2, 3) point correspondences 
between two planes. 

In the general point correspondence a point and its successive images do 
not form a closed group. In a compound involution, however, the corre- 
spondence closes up at the second application of the transformation. 
Choosing (2) and (x’) respectively as the double and triple planes, to a 
point P’ of (x’) correspond three points P;, P2, P3 of (x) such that to each 
of these image points correspond the original point P’ and a residual point 
P;, of (x’). To Py as well as to P’ correspond the three points Pi, Ps, P3 
of (x). The point correspondence thus established is involutorial. The 
essential difference between this correspondence and the general (2, 3) 
point correspondence is that now the residual images coincide. 

The first known paper discussing point correspondences with both planes 
multiple was published in 1889. This is a very simple (2, 2) compound 
involution in which the lines of either plane correspond to conics of the 
other. Burali-Fortit later obtained certain (2, 2) compound involutions 
by combining two (1, 2) involutions and showed that the case treated by 
Visalli is included in these. Finally the (2, 2) compound involutions have 
been classified and six independent types obtained by F. R. Sharpe and 
Virgil Snyder.§$ 

2. Outline of Method.—Suppose that a (1, 2) point correspondence has 
been established between the planes (x’) and (y’). Then to a point P’ of 
(y’) correspond two points Pj, P: of (x) and to either P; or P of (z’) 
corresponds the one point P’ of (y’). Also to the lines through P; or P; 
correspond rational curves of (y’) all passing through P’. 

Assume further that a (1, 3) point correspondence exists between the 
planes (x) and (y). Then to a point P of (y) correspond three points 
*T Ro] Holleroft: “A Classification of General (2, 3) Point Correspondences between 
two Planes,’ Am. Jour. or Martu., Vol. XLI (1919), pp. 5-24. 

7 P. Visalli, “La trasformazione quadratica (2, 2),’’ Rend. del Circ. Mat. di Palermo, 
Vol. 3 (1889), pp. 165-170. 

t “Sulle trasformazione (2, 2) che si possono ottenere mediante due trasformazionl 
doppie,” Rend. del Cire. Mat. di Palermo, Vol. 5 (1891), pp. 91-99. 

§ “Types of (2, 2) Point Correspondences between two Planes,” Trans. Amer. Math. 
Soc., Vol. XVIII (1917), pp. 409-414. 
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P;, Po, Ps of (x), to each of the image points P;, P2, P3 corresponds P of 
(y) and to the lines through P;, P2 or P; correspond rational curves of (y) 
all passing through P. 

Now consider the planes (y) and (y’). Both contain nets of rational 
curves through the points P and P’ respectively. The planes are therefore 
birationally equivalent, that is, a (1, 1) correspondence exists between them 
such that P corresponds to P’ and P’ to P and such that curves in (y) 
which are images of the lines of (x) and curves in (y’) which are images of 
the lines of (x’) are transformed reciprocally one into the other. 

Then to two points Pj, P: of (x)’ corresponds P’ of (y’) to which corre- 
sponds P of (y) to which correspond P;, P2, P3; of (x). Reciprocally, 
P,, Po, P3 of (x) go into P of (y), thence into P’ of (y’), thence into Pi, P; 
of (x). The planes (a) and (2’) are therefore so related that to two points 
of (x’) correspond three points of (a) and to these three image points corre- 
spond the original two of (x’), that is, a (2, 3) compound involution has 
been established between them. 

There are other methods of establishing (2, 3) compound involutions, 
but it will be proved later that all the independent types of (2, 3) compound 
involutions can be obtained by the method outlined above. 

3. General Properties.—The curves of either plane are transformed into 
curves of the other by three transformations, two rational and one irrational. 
Since the two planes (y) and (y’) are birationally equivalent, they may be 
considered the same plane in which the basis points of the two systems are 
rationally separable. Then the image in (2’) of a curve of (x) is obtained 
by applying to its image in (y), considered as being also in (y’) and retaining 
its basis points as fixed points of (y’), the transformation from (y’) to (2’). 
Thus if a line of (x) goes into C,,(y) with basis points kP;* and a line of (y’) 
corresponds to C;,(x’) with basis points /P;, then the line of (x) corresponds 
to C’.,(x’) with basis points /P;, and 2kP;. A similar series of transforma- 
tions relates (’) to (x). 

If the two images Pj, P: of a point P of (x) coincide, P is on L(x) the 
branch-point curve of (7). The locus of the corresponding coincidences is 
K'(2’), the coincidence curve of (x’). K’(x’) is the jacobian of the net of 
image curves of the lines of (y’). Its complete image is L(x). The image of 
L(x) is K’(x’) counted six times. 

The coincidence curve K(x) is the jacobian of the net of image curves 
in (x). The residual curve I'(2) is the co-jacobian of this net. To a point 
P’ on L’(z’) corresponds two coincident points on K(x) and one on I(2). 
The complete image of either K(x) or I'(x) is L’(x’). The image of L’(z’) 
is K(x) counted four times and I(x) counted twice. The branch-point 





* Holleroft, loc. cit., page 7. 
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curves and their corresponding coincidence or residual curves are not in 
(1, 1) correspondence as in the case of (1, n) or general (2, 3) point corre- 
spondences. 

The non-basic intersections of K(x) and I'(z) are all contacts to each 
of which corresponds two cusps on L’(x’). The images of both the cusps of 
L’(x’) coincide at the point of tangency of K(x) and T(a). There are thus 
only a finite number of points of (2’) whose three images in (x) coincide, 
namely, the cusps of L’(z’). 

To a point of K’(x’) correspond three points of L(x) to each of which 
corresponds the original point on K’(x’) counted twice. To a point of K(2) 
correspond two points of L’(x’) to each of which correspond the original 
point of K(x) counted twice and a point of I(x), whose images are those 
same two points of L’(2’). 

The non-basic intersections of K’(2’) with L’(a’), of L(x) with K(z) 
and of L(x) with I'(2) are equal in number and are all contacts. To each 
tangency of K’(2’) with L’(x’) corresponds a tangency of L(x) with K(z) 
and of L(x) with I'(a). To each of these two points corresponds the same 
point of contact of L’(x’) and K’(x’). Since K’(x’) is counted six times 
as the image of L(x), each contact of L’(x’) with K’(x’) counts as six contacts. 
To four of these correspond the four coincident contacts of (K)* and L 
and to two of them, the two coincident contacts of (I)? and L. 

4. Types of (1, 2) Involutions.—There are three independent types of 
(1, 2) point correspondences.* Type 1, the Geiser type, is obtained by the 
intersections of any line with an associated conic of a net, or by the cubics 
of a net through seven basis points. Type 2, the Jonquiéres type, is given 
by the intersections of a line of the pencil P with a curve of order n of a net 
having an (n — 2)-fold point at P. Type 3, the Bertini type, is given by 
the variable intersections of a cubic of a pencil with an associated sextic 
having double points at eight of the basis points of the pencil. 

5. Types of (1, 3) Involutions.—Five independent types of (1, 3) point 
correspondences have been recently found.t Type 1 is given by the inter- 
sections of a plane field of lines with the associated cubics of a net; Type 2 
by the intersections of a line pencil and a net of curves of order n with 
(n — 3)-fold points at the vertex of the pencil; Type 3 by the intersections 
of two conics of a system of conics through one basis point; Type 4 by the 
intersections of two cubics of a net of cubics through six basis points; Type 
5 by the intersections of a cubic of a pencil with an associated curve of a 
system of curves of order nine having triple points at eight of the nine 
basis points.of the pencil of cubics. 


*See Pascal’s (German) “Repertorium der héheren Mathematik,” second edition, 


Vol. 2, pp. 366-370. 
} Anna Mayme Howe, “A Classification of Plane Involutions of Order Three,” Am. 


Jour. or Matu., Vol. XLI (1919), pp. 25-40. 
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6. Types of (2, 3) Compound Involutions.—Fifteen types of (2, 3) com- 
pound involutions are obtained by combining the types of (1, 2) and (1, 3) 
involutions. For convenience these have been divided into three classes 
according to the (1, 2) involution employed. There are five types in each 
class, namely, the five (1, 3) involutions combined with the (1, 2) involution 
determining that class. The following table shows the combination and 
type number for each type. The symbol C,; jP; denotes a curve of order 
n with j basis points each of multiplicity 7. The arabic numerals are the 
type numbers. The type is established by combining the systems in the 
row and column in which the type number is found. 


~~~_ouble Plane | ee | 
“a C1; Cs |G, Pas Gn, Pms| Co, Pr; Co, Pr | C3, 6Piz C3, 6Pi| C3, 8Pi; Co, SPs 





Class 








Triple Plane i ee 
ny | te 2, f.. | s 7 8 9 10 
III C3, 8Pi; Ce, 8P2 | a | 12 13 14 15 
Crass I. 


7. Type 1.—In the (1, 2) point correspondence, denote the double plane 
by (y’) and the simple plane by (2’). The defining equations of the Geiser 
type used in Class I may then be written, 


3 
(1) 2 riyi = (0, 
3 


(2) D yivi(a’) = 0, 


¢=1 
where v;(2’) are general conics of (2’). 
(The following notation will be used in describing the curve systems 
of the planes being discussed: 
The symbol ‘ ~ ” meaning “ corresponds to ”’; 
L, L'’, K, K’, T, fixed curves as heretofore defined; 
P, Q, P’, Q’, basis points; 
P, P’ variable points; 
p, genus of curve being described; 
Subscripts of curves denote their order; 
Subscripts of points denote their multiplicity.) 
City’) ~ C3(2’); p= 1, TP. 
Ci(x") ~ Cily); p = 0, Pi. 
K,(2’); p= 3, 7P2. Lily’); p = 3. 
In the (1, 3) point correspondence, denote the triple plane by (y) and 
the simple plane by (x). The defining equations of Type 1 are: 
3 


(1) De ti = 0, 
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3 

(2) De yitts(2) = 0, 
where u;(x) are general cubics of (2). 

Ci(y) ~ Cy(x); p = 3, 13Pi. 

Ci(a) ~ Caly); p = 0, Ps. 

K,(z); p = 15, 13P2. 

Teo(xz); p = 15, 13P¢. 

Lyo(y); p = 15, 21 cusps. 

8. Image Curves.—In the (2, 3) compound involution established be- 
tween the planes (x) and (2’) by the two preceding involutions, to obtain 
the image in (x’) of Ci(x) we use the transformation from (y’) to (x’) on C4(y). 
Cy(x) ~ Cio(2’) = Ca(a2v3 — 2302, 2301 — 2103, 2102 — 120;) = 0. C'2(2’) has 
7P;, given by v/a; = v/22 = v3/x3 and two variable triple points which are 
images of P3 of Cs(y). Cj2 is of genus 7. 

The image of Ci(x)’ is found by using the transformation from (y) to 
(v) on C3(y’).  Ci(a’) ~ Cro(x) = C3(xoug — argue, X31 — 1U3, XU2 — AU) 
=(. C(x) has 13P3 given by w/a = w/a, = uz3/r3 and three variable 
double points, images of P; of Cx(y’). Cre is of genus 13. 

L(x) is obtained by applying the transformation from (y) to (x) on Ly(y’). 
This gives Ly¢(a) of genus 27 with 13P,. The image of Ly¢(2) in (y) is a 
curve of order 12 which is birationally equivalent to Li(y’) counted three 
times. The image of Ly¢(2) is, therefore, A¢(x’) counted six times. K¢(z’) 
has 7P; and is of genus 3. The complete image of K¢(x’) is Li¢(x). 

L’(x’) is obtained by applying the transformation from (y’) to (2’) on 
Li(y). This gives L3o(x’) with 7Piy, 42 cusps and of genus 49. The image 
of L3)(v’) in (y’) is a curve of order 20 which is birationally equivalent to 
Iy(y) counted twice. Then the image of L3o(x’) in (x) is K(x) counted 
four times and I's0(x) counted twice. g(x) has 13P, and is of genus 15. 
T20(2) has 13P. and is of genus 15. The complete image of either Ko(z) 
or I's0(x) is Lgo(z’). 

Ko(a) and T22(a) have 21 tangencies to each of which correspond two 
cusps on L3o(v’). Each of these two cusps corresponds to that same tan- 
gency counted as two points on Kg and one on I's. 

Each pair, Ao(x) and Li6(x), T22(x) and Li¢(x), Ke(x’) and L3o(2’) has 
20 contacts. The points of tangency of K;(x’) and L30(2’) correspond to 
those of K9(x) with Lig(x) and of T2(x) with Li¢(x) and reciprocally. 

9. Successive Images of Lines.—The image of Ci(2’) as found is Cy(z) 
with 13P3 and 3P:. To Cyo(x) corresponds C,(y), birationally equivalent 
to [C3(y’) ?. The image of C3(y’) is Ci(x) and a residual C4(2z’) with 7P3. 
Then to Cj:(x) corresponds (C;)*(Cs)? in (a’). The complete image of 
C(2’) is Cy(x). Cs and K¢ have 6 nonbasic intersections at the intersections 
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of Ci and Ky. C3 and Lj have 30 non-basic intersections distinct from the 
intersections of Ci and Lj. C2 and Ly. in (x) have 18 points of contact. 
These are the images of the 6 intersections of Ci or Cs with Kg. Reciprocally, 
the images of these 18 tangencies are the 36 intersections of C; or C3 with 
(K;)®, three tangencies corresponding to each set of 6 coincident inter- 
sections. To the 30 intersections of C; with L3 and to the 30 intersections 
of C3 with L3) correspond the 30 intersections of Ci, with Ko, also of Cy 
with Is. and reciprocally. 

The image of C,(z) is Ci2(x’) with 7P; and 2P3. To Ci. corresponds 
C3(y’) which is birationally equivalent to [Cs(y) ?. The image of C,(y) is 
Ci(x) and a residual Cy; with 13Ps. Then C).(2’) corresponds to (C;)?(C45)? 
in (x). The complete image of C1;(x) is (Ci2)”. Ci; and Lig have 32 inter- 
sections which together with the 16 intersections of C; and Lig correspond 
to the 16 intersections of Ci, with Kj and reciprocally. The curves C45 
and Ky have 31 and C;; and I's9 have 18 intersections. Cj. and L3 have 80 
intersections to which correspond the 40 intersections of C; and Cj; with Kg 
and the 40 intersections of C; and Ci; with Ts22._ The 80 intersections of C}. 
and L539 correspond to the 160 intersections of C; and C,; with (Ky)* and the 
80 intersections of C; and Cy; with (T2:)”. 

The images of two lines Cj(2’), Ci(x’) are Cyo(x), Cro(2x) respectively, 
which have 27 non-basic intersections. The images of Cj. and Cio are 
(C1)3(Cs)3 and (C;)3(C,)8 respectively. Cand C; intersect in one non-basic 
point to which correspond three intersections of Ci: and C2. To each of 
these three intersections correspond the intersection of C3 with Ci and the 
intersection of C; with Ci. These three intersections of Ci: and Cy are 
the images of the intersection of the two lines of (2’). For the remaining 
24 intersections of Cy. and C2, to each of the three points in each set of 
eight corresponds a point of intersection of C, with Cz and also an inter- 
section of C; with Cj. To these latter correspond respectively the 24 inter- 
sections of Cy. with Cy. 

The preceding paragraph, with the exception of the order of the image 
curves of (x), applies equally well to al] five types of Class I. 

The images of two lines C;(2), C,(2x) are Ci2(2’), Ci2(x’) respectively, 
intersecting in 32 points. The images of C). and C'. are (C)?(C15)? and 
(C1)2(C45)? respectively. Cy; and (;; intersect in 17 non-basic points. To 
the intersection of (,, C; and two of the intersections of C;;, C15 correspond 
two intersections of Cj2, Ciz and reciprocally. To the 15 intersections of 
C1, C15, the 15 intersections of 01, C1; and the remaining 15 intersections of 
ae correspond the remaining 30 intersections of Cj2, Ci. and recipro- 
cally. This paragraph, with the exception of the order of the image curves 
of (x’), applies equally well to types 6 and 11. 
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Since for all the types the details and methods are similar, only the results 
will be given for the remaining ones. 

10. Type 2.—Type 2 of the (1, 3) point correspondences has the defining 
equations, 

(1) aiyi + xey2 = 0, 

(2) yrgil(x) + yooo(x) + ys¢s(x) = 0, 
where ¢;(2) is a curve of order m with an (m — 3)-fold point at the vertex 
of the line pencil, Q = (0, 0,1). The basis point of (y) is Q = (0, 0, 1). 

Ci(y) ~ Cnyi(a), p = 2m — 3, Qn—2, (6m — 6) Pi. 

Cy(x) ~ Cuily), p = 0, Qm. 

Kom(x); p = 6m — 9; Qom—s, (6m — 6)P. 

T4m—2(%); p = 6m — 9; Qam—c, (6m — 6)Po. 

Lam—2(y); p = 6m — 9; Qam—e, (6m — 6) cusps. 

For the (2, 3) compound involution: 

C(x") ~ Camy3(x); p = 6m — 5; Qsm—s, (6m — 6)Po, 3Po. 

C1(2) ~ Comps(2’); p = 2m+ 1; 7Pari; 2Pr- 

Lamp s(x); p = 8m + 3; Qam—s, (6m — 6) Ps. 

Kom(a); p = 6m — 9; Qom—s, (6m — 6)Pi. 

T4m—2(x); p = 6m — 9; Qam—c, (6m — 6)Po. 

Liem—6(x’); p = 20m — 23; 7Pim—2, 2Pim—ce, (12m — 12) cusps. 

K,(2’); p = 3; 7P3. 

11. Type 3.—Type 3 of the (1, 3) involutions has the defining equations: 

3 


(1) 2 yin) = 0, 
(2) DX ys0i(2) = (), 


wherein u;(x) and v;(x) are conics through the basis point Q. 
Ci(y) ~ Ca(x); p = 2; Qo, 9Pi. 
C(x) ~ Caly); p = 0; Ps. 
Ko(x); p = 9; Qs, 9Po. 
Ty4(2); p = 9; Qe, 9Ps. 
[s(y); p = 9; 12 cusps. 
For the (2, 3) compound involution: 
C(x") ~ Cix(x); p = 10; Qe, 9Ps, 3P2. 
Ci(x) ~ Cio(2’); p = 7; 7P%, 2Ps. 
Ly6(x); p = 23; Qs, 9Ps. 
Ko(x); p = 9; Qs, 9Po. 
Tra(x); p = 9; Qe, OP. 
L34(x’); p = 33; 7Ps3, 24 cusps. 
K,(2z’); p = 3; TPs. 
12. Type 4.—Type 4 of the (1, 3) point correspondences has defining 
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equations of the same form as those of type 3, the u;(2) and v;(x) now 
representing cubics through 6P,. 

Cily) ~ Co(x); p = 4; 6Po, 9Pi. 

Ci(x) ~ Ce(y); p = 0; Ps. 

Ky;(2); Di 22; 6P;, 9P». 

T'42(2); 1h 22; 6P 4, 9P3. 

Lie(y); p = 22; 33 cusps. 

For the (2, 3) compound involution: 

Ci(a’) ~ Cig(x); p = 16; 6Pe, 9P3, 3Po. 

Cy(x) ~ Cis(2"); p = 11; 7P%, 2P%. 

Lea(x); p = 45; 6Ps, 9Ps. 

Ki;(«); p = 22; 6Ps, 9Po. 

T42(2); fe pa 6P 14, 9Ps. 

L36(x’); p = 67; 7Pi2, 66 cusps. 

K,(z'); p = 3; 7P2. 

13. Type 5.—Type 5 of the (1, 3) point correspondences has defining 
equations of the same form as those of type 3, wherein the w;(x) are cubics 
with nine basis points (SP; and Q:) and the 2;(x) are curves of order nine 


with 8P3. 


Cily) ~ C(x); p = 7; 8Pa, Qi, 12P1. 
Cy(x) ~ Cre(y); p= 0; Po, 19Po. 
Kos(x); p = 28; 8Ps, Qo, 12Pi. 
T60(x); p = 28; 8Pao, Qis, 12P4. 
Lis(y); p = 28; Pie, 42 cusps. 
For the (2, 3) compound involution: 
Ci(a’) ~ Cs6(x); p = 25; SPi2, Qs, 12P3, 3P>. 
Ci(a) ~ Cy6(2’); p = 23; 7Pio, 2Po, 38Po. 
Lug(x); p = 48; 8Pic, Qs, 12P 4. 
Koa(a); p = 28; 8Ps, Qo, 12P1. 
Teo(t); p = 28; 8Po0, Qis,.12P4. 
Lss(z’'); p = 91; 7Pis, 2Pi2, 84 cusps. 
K,(2'); p = 3; 7P3. 

Crass II. 


14. In establishing the types of (2, 3) compound involutions of Class II 


the Jonquiéres (1, 2) point correspondence is used to relate the planes (2’) 
and (y’). Its defining equations are: 


(1) yiai + y3a3 = 0, 
(2) yivi(x’) + yo2(2’) + ysvs(a’) = 0, 


where y/;(x)’ is a curve of order n with an (n — 2)-fold point at Q’ = (0, 1, 0), 
the vertex of the line pencil (1). 





Ci(y’) ~ Chai(a’); p = n— 1; Qiu, (4n — 2)Pi. 
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Ci(2’) ~ Crurly’); p = 93 Qn. 

Lin(y’); p = 2n — 2; Qon-e. 

K3,(x'); p = 2n — 2; Qan-2, (4n — 2)P}. This is the coincidence curve 
of (x’) for the five types of compound involutions in this class. 

The coincidence and residual curves of (2) for each type of compound 
involution are described in the (1, 3) involution employed for that type. 
The (1, 3) point correspondences used in type 6, 7, 8, 9, 10 are described in 
paragraphs 7, 10, 11, 12, 13 respectively. 

15. Type 6.— 

Ci(2') ~ Canza(x); p = 5n + 3; 138Pa41, 3Pr. 

C(x) ~ Cings(2’); p = 4n — 1; Qins, (4n — 2)P%, 2Ps. 

Lsn(x); p = 16n — 8; 13Pon, 3Pon—2. 

Lion+10(2’); p = 10n + 29; Qion—10, (4n — 2)Pio, 42 cusps. 

16. Type 7.— 

Cy ~ Contryintrys P= (2M—1)(n+1)—2; Qem—2yinty, (6M—6) Pati, 3Pr. 

C1 ~ Comynasy; p= m+ n— 1; Qing1y(n—y, (40 — 2)Phr4i, 2Pn- 

Lonintyy; Pp = 4(mn + n — 2); Qoncm—2), (6m — 6)Pon, 3Pon-2. 

Lism—2)(nt3 DP = 4mn + 12m — 2n — 19; Qeam—2)(n—1, (42 — 2)Pim—e, 
2Pim—6, 12m — 12 cusps. 

17. Type 8.— 

Ci ~ Capa; Dp = 4n + 2; Qonre, 9Pn+1, 3Pro.- 

C1 ~ Cone; p = 4n — 1; Qin-s, (4n — 2)P%, oP. 

Lsn; p = 14n — 8; Qan, 9P on, 3Pon-2. 

Linig; D = 8n + 17; Qsn—s, (4n — 2)Ps, 24 cusps. 

18. Type 9.— 

Ci ~ Conse; p = 6n + 4; 6Ponse, 9Pn41, 3Pn- 

C1 ~ Cone; p = 6n — 1; Qén—6, (4n — 2)P5, 2P3. 

Lien; p = 18n — 8; 6P an, 9P en, 3Pen—2. 

Lionsi23 p = 12n + 43; Qion—1o, (4n — 2)Pi2, 66 cusps. 

19. Type 10.— 

Ci ~ Crontie; p = 9M + 7; SPanza, Quoi, 12Pn41, 3Pn- 

Ci ~ Cronsiz3 p = 12n — 1; Qion—12, (4n — 2)Pi2, 2Po, 38P). 
Lean; p = 24n — 8; 8Pen, Yon, 12P on, 3Pon—-2- 

Lisnzis; p = 18n + 55; Qisn—is, (4n — 2)Pis, 2Pi2, 84 cusps. 


Crass III. 


20. In establishing the types of (2, 3) compound involutions of this 
class, the Bertini (1, 2) point correspondence is used to relate the planes 
(x’) and (y’). Its defining equations are, 

(1) yyw (a’) + yyun(a’) = 0, 

3 


(2) Diei(a’) = 0, 
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wherein the u;(x’) are cubics with eight basis points (8P;) and the v,(z’) 
are curves of order six with 8P. 

C.y’) ~ C2’); p = 2; SP,, QP. = 

Ci(2’) ~ Cy(y’); p = 0; 2 consecutive Pj, 4P}. 

L(y’); p = 4; 2 consecutive Pj, the basis line (image of P, of (z’)) 
being the common 6-fold tangent to L, and to each C;(y’). 

K,j(x’); p = 4; 8P3. This is the coincidence curve of (2’) for the five 
types of compound involutions in this class. 

The (1, 3) point correspondences used in types 11, 12, 13, 14, 15 are 
described in paragraphs 7, 10, 11, 12, 13 respectively. 

21. Type 11.— 

C, ~ Cos; p = 28; 13P¢, 6 consecutive P3, 12P. 
Cy ~ CL poe thy SP, 2P,, 2P.. 

In4; p = 40; 13P¢, 6 consecutive P3. 

Loo; p = 59; 8P5,, 2P io, 42 cusps. 

22. Type 12.— 

Ci ~ Comee; p = 12m — 8; Qem—12, (6m — 6) Pe, 6 consecutive P3, 12P». 

Or ~ Quiet P= Bm — 2; SP unce: BPs; OF. 

Lomas; Pp = 12m + 4; Qem—i2, (6m — 6)Pe¢, 6 consecutive P3. 

Lun-1a3 Pp = 24m — 25; 8Pin—s, 2Pin—2, 2Pim—c, 12m — 12 cusps. 

23. Type 13.— 

CO” ~ Cos; p = 22; Qiz, 9Ps, 6 consecutive P3, 12P>. 

Ci ~ Cy; p= 11; 8P’, 2P,, : 2P3. 

In4; p = 34; Qi, OP,, 6 consecutive P3. 

Lis; p = 41; 8P\,, 2P,, 24 cusps. 

24. Type 14.— 

Ci ~ C363 p = 34; 6Pi2, 9P¢, 6 consecutive P3, 12P». 

C,~ Cy; p = 17; 8P%,, 2P;, 2P%. 

L36; p = 46; 6Pie, 9P¢, 6 consecutive P3. 

L,.3 p = 79; 8P.,, 2P;,, 66 cusps. 

25. Type 15.— ai 

C, sid Cy; pi 52; 8Poa, Os, 12, 6 consecutive Ps. 12P3. 

Ci ~ Ci; p = 35; 8P;,, 2P\., 2P;, 38P;. 

L72; p = 64; 8Pos, Qe, 12P¢, 6 consecutive P3. 

Lies; P = 109; 8P3,, 2P,,, 2P 2, 84 cusps. 

26. Conditions on Curve Systems.—We shall now find the necessary and 
sufficient conditions on the curve systems that a (2, 3) point correspondence 
be a compound involution. 

In a (2, 3) compound involution any P; of (x) determines the other two 
P; and either P; or P; of (x’) determines P; or P) respectively. Then the 
two image points of (x’) are in a simple involution and any image point of 
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(x) is in a simple involution with the other two. Then we can map the 
plane (x) on a triple plane (y) by a (1, 3) transformation and the plane (2’) 
on a double plane (y’) by a (1, 2) transformation such that the two planes 
(y) and (y’) are in (1, 1) correspondence. For a (1, 3) point correspondence 
can always be mapped on a triple plane by equations of the form, 

(1) gilx)/yr = G2(x)/y2 = 9s(x)/ys, 
where ¢;(z) = 0 define a net of curves with three variable intersections. 
The plane (y) is mapped on the plane (y’) by the Cremona transformation, 

(2) ky; = fily), ¢ = 1, 2, 3. 
and thence on (x’) by the transformation, 

(3) ¥i(a’)/y, = Vole’) yo = Ws (a’)/ys, 
wherein y;(x’) = O defines a net of curves in (x’) with two variable inter- 
sections. By means of (2) eliminate y; and y; from (1) and (3) and we have 
the relation, 

(4) F(x) /F,(2’) = F,(x)/F,(x') = F3(x)/F3(2’) 
wherein any two F; have three variable intersections and any two F, 
have two variable intersections. Since (4) is the necessary and sufficient 
condition that the curve system in either plane be a net, we have deduced 
the theorem: 

The necessary and sufficient condition that a (2, 3) point correspondence 
be a compound involution is that the image curves in either plane form a net. 

It may be here noted that when a pair of defining equations for a (2, 3) 
point correspondence have equations of the Bertini type locating the two 
images in the triple plane, the curve system of that plane forms a net 
and the point correspondence is always a compound involution. 

27. Proof will now be given for the theorem; 

The sufficient condition that a (2, 3) point correspondence be a compound 
involution is that in either plane both components of the curve system defining 
the image points form pencils. 

Let the correspondence be defined by 

(1) wy(ax)u;(a’) + w2(x)us(x’) = 0, 

(2) v(x) v,(x’) + v2(x) v,(x") = 0, 
such that the components of the curve system of (x) [(2’) | intersect in 
three [two] points. If both components of either system form a pencil 
both components of the other system also form a pencil because only two 
homogeneous parameters remain in each equation. 

Choose any point (2;) of (x’) and consider it as fixed. Then (x;) deter- 
mines two curves of the system in (x’) which intersect in another fixed point 
(v,). To (a,) correspond three fixed points (21), (22), (#3) of (x) which lie 
at the intersection of two of the curves of the system in (x). Any one of the 
image points of (x) uniquely determines the other two, because their defining 
curves form pencils. 
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Since (x1), (#2), (a3) are images of the fixed point (2), the following 
relations hold: 

(1) wi (a1) /ue(a1) = wi(2,)/u2 (a), 

01(a1)/v2(a1) = 0, (2,)/0,(a), 
(2) wi (x2) /d2(a2) = uw, (2;)/u9(x)), 
01(%2)/2(%2) = 0, (2,)/ 0 (21), 
(3) w1(as)/u2 (vs) = wu, (2,)/Uz (21), 
01 (a3) / v2 (a3) = v, (2;)/ 0, (2). 
These relations give the relation in (2): 
(I) wy(21) /u2(ay) = uy (a2) /ro(a2) = U1(23) /U2(2x3), 
01 (21) / v2 (21) = 01(a2)/V2(t2) = V1(as)/ v2(as). 
The relation (I) means that any one of the three image points of (a) deter- 
mines the other two—a fact already known. Likewise in (2’) since the 
components form pencils and either image point determines the other, this 
relation must hold: 
(1’) w,(x,)/,(2,) = 0, (x,)/u, (29); 
D, (tj) / 0 (@)) = 0, (ay)/ 0, (22). 

We know that each of the three points of (x) correspond to (x;) and a 
residual point of (7). We wish now to prove that the residual point is 
(x;) for each of the three image points of (x). To do this we must prove the 
following relations: 

(4) wr(a1)/uU2(a1) = u;(a,)/u, (a2), 

01(#1)/%2(%1) = 2, (a,)/ 0, (x), 
(5) uy(ae) /ue(ae) = ui (a,)/u5 (x5), 
01(22)/V2(a2) = 0; (a)/v,(a), 
(6) W1(a3) /ue(az) = u;(a,)/U5(25), 
va (ats) / vos) = 04 (as) / 04(2e). 
Relations (4), (5) and (6) are shown to be true by (I’) and (1), (2), (3) 
respectively. Then (x) is the residual image of each of the three points 
(21), (2), (a3). Also from (4), (5) and (6) the three images of (2,) are 
(x1), (2), (v3). The point correspondence is therefore a compound involu- 
tion. 

28. Pencil Cases. 
twelve independent types of general (2, 3) point correspondences* when the 
equations have but two homogeneous parameters reduce to particular forms 
of compound involutions. It will be interesting to see to what types of 
compound involutions they are reduced. (In the following, the Roman 
numerals refer to types of general (2, 3) point correspondences, the arabic 
to types of (2, 3) compound involutions.) 

The pencil form of Type I is a special case of Type VII or m = 3, 
n = 2, which is a particular form of Type 7. 


In accordance with the foregoing theorem, the 





: Hollcroft, loc. cit., page 9. 
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The pencil form of Type II is a special case of the alternate way of 
writing Type VII and is therefore a particular case of Type 7. 

The pencil form of Type III reduces by quadric inversion to the pencil 
form of Type I or Type II, depending on the choice of the triangle of inver- 
sion, either of which is a special case of Type VII and therefore a particular 
form of Type 7. 

The pencil form of Type IV is a special case of the pencil form of Type 
VIII for n = 2. 

The pencil form of Type V goes into the pencil form of Type III by 
quadric inversion, and is a particular form of Type 7. 

The pencil form of Type VI is a special case of Type VII. 

The pencil form of Type VII may have its defining equations written 
as in Type VII each with one less term, or in the alternate form: 

(1) ai + a2 = 0 

(2) Li + X2Po = 0. 

In either case it is a particular form of Type 7. 

The pencil form of Type VIII is a particular form of Type 9. 

The pencil form of Type IX is a particular form of Type 10. 

The pencil form of Type X is transformed into the alternate form of 
Type VII by quadric inversion and is a particular form of Type 7. 

The pencil form of Type XI reduces to a special case of the pencil form 
of Type III by quadric inversion and is therefore a particular form of Type 7. 

The pencil form of Type XII reduces by quadric inversion to a special 
case of the pencil form of Type IV and is therefore a particular form of 
Type 9. 

29. Cyclic Cases.—In Types II, IV and a particular case of Type V of 
(1, 3) point correspondences, the three image points in the simple plane 
constitute a cyclic projectivity of period three.* This property of the 
image points is retained .in the (2, 3) compound involutions evolved from 
these types, for a point of (x’) corresponds to one point of (y’) thence to 
one point of (y) and thence to three points of (7). So the three images of a 
point of (a’) are also images of the corresponding point of (y). 

Therefore the second, fourth and a particular form of the fifth types of all 
three classes of (2, 3) compound involutions are such that the three image 
points in (a) constitute a cyclic projectivity of period three. Furthermore in 
those types of all three classes, two lines of (2’) determine respectively 9, 
2n + 1 and 18 triads of points in (a) each triad constituting a cyclic pro- 
jectivity of period three. 

In all types of (1, 2) point correspondences the two image points of the 
simple plane are in a simple involution. This same property holds for the 


 * ALM. Howe, loc. cit., pp. 39-49. 
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two image points in the triple plane for all (2, 3) compound involutions. 
Two lines of (x) determine the following numbers of pairs of points in (z’), 
each pair constituting a cyclic projectivity of period two: 


Types 1, 6, 11 16 pairs 
NN ro sah ask ae ae was SG ee © RI 2m + 1 pairs 
Types 3, 8, 13 16 pairs 
Types 4, 9, 14 36 pairs 
SOE 6o cea dk be okGAe deewesesaeueee 63 pairs. 


30. Completeness of the Classification —It has been shown that the 
necessary and sufficient condition that a (2, 3) point correspondence be a 
compound involution is that the image curves of either plane form a net. 
When this is true the double and triple planes may always be mapped on 
two other planes by (1, 3) and (1, 2) point correspondences respectively 
and those two other planes are birationally equivalent. Therefore any 
(2, 3) compound involution may be obtained by combining a (1, 3) and ag>. 
(1, 2) involution. #1 

It has been proved that all (1, 2) involutions may be reduced to one of = | 
the three independent types herein described.* 

By the same method it has been shown that all (1, 3) involutions may 
be reduced to one of the five independent types described. f 

Since all (2, 3) compound involutions can be obtained by combining 
(1, 2) and (1, 3) involutions, there can be no more independent types of 
(2, 3) compound involutions than there are possible combinations of the 
independent types of (1, 2) and (1, 3) involutions. Also since all the (1, 2) 
and (1, 3) involutions used in these combinations are independent of each 
other, each combination gives an independent type of (2, 3) compound 
involutions. There are, then, fifteen independent types of (2, 3} compound 
involutions and the classification is complete. 


WELLs COLLEGE, 
March, 1919 


* E. Bertini: “Recherche sulle trasformazioni univoche involutorie nel piano,” Annali 
di Matematica, Ser. 8, Vol. 8 (1877), pp. 244-286. 
t A. M. Howe, loc. cit., pp. 38-39. 











